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EXAMPLE 2.4 A force of 500 N forms angles of 60°, 45°, and 120°,
respectively, with the x, i, and z axes. Find the components F,, F,, and F,
of the forece.

Substituting I/ = 500 N, 8, = 60°, 8, = 45° 6. = 120° into formulas
(2.19), we write

F, = (500 N} cos 60° = +250 N
F, = (500 N} cos 45° = +354 N
F. = (500 N} cos 1207 = =250 N
Carrying into Eq. (2.20) the values obtained for the scalar components of

F, we have

F = (250 Nji + (354 NJj — (250 N}k
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2/116 The turnbuckle is tightened until the tension in
cable AB is 1.2 kN. Calculate the magnitude of
the moment about point O of the force acting on
point A,

M, =-2.74i +4.39]+2.19k kN.m
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Determine the reactions at B and D when b = 60 mm. iamgllro o oy (6,105 5L i (gl
90 mm-—~ BC B 0 J’..&S (!
A 5 BB AT el s (o

A
& —‘ T ISN 20N 35N 20N 15N
)
ot
—2— A
250 mm |
For the frame and loading shown, determine the reactions at A | £
=0.6me{=—0.8m -0.8m—{

and E when (a) a = 30°, (b) a = 45°
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AF = ABcos45 = (4m)cos45 = 2.828m

CD = AE =%AF =1.414m
BD = CD cot(45 +20) = (1.414 m)tan 20 = 0.515 m
CE = BF —BD =(2.828-0.515)m = 2.313m

_CE 2313
tang = —— = =°=° =1 636
AN =0E 1414 o =58.6°

R 98IN T=8L9N
sin31.4° sin110° sin38.6° R=147.8N
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ry = 60 mm
N ry =40 mm 40y
80 mm &
G0 mm ;*-' ¥ %
o —20 mm
Component A, mm# X, mm ¥, mm XA, mm? JA, mm®
Rectangle (120)(80) = 9.6 x 10° 60 40 +576 x 10° +384 % 107
Triangle $120)(60) = 3.6 x 10° 40 =20 +144 = 10° —72 % 107
PN Semicircle 17(60)* = 5.655 x 10° 60 105.46 +339.3 x 10° +596.4 x 10°
I™4  Circle —7(40)* = —=5.027 x 10° | 60 80 —301.6 x 10° —402.2 x 10°
] ZA = 13.828 x 10° ZFA = 47577 X 10° | ZHA = +506.2 x 10°
— 3 3
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EW
38
H

:J> aobdl
Shape Area A x Ax ¥ Ay
(mm?) (mm) (mm*) (mm) (mm?*)
1 (Rectangle) +560.0 x 10° 0 0 +350 196.0 x 106
2 (Semicircle) —141.4 % 10° —-272.7 +38.56 % 10° +400 —56.56 % 10°
3 (Triangle) —40.0 x 10° +333.3 —13.33 % 10° +566.7 —22.67 x 100
> +378.6 % 10° +25.23 % 10° +116.77 % 10°
TAX 42523 x 10°
= - = 66.6 mm
A +378.6 x 103
. ZA¥  +116.77 x 10°
j= =X _ = 308 mm
TA +378.6 x 10°
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Sample Problem 5.7

100 m | 20 mm

mm

The outside diameter of a pulley is 0.8
m, and the cross section of its rim is as
shown. Knowing that the pulley is
made of steel and that the density of
steel is p =7.85x10° kg/m®
determine the mass and weight of the
rim.

SOLUTION:

» Apply the theorem of Pappus-Guldinus
to evaluate the volumes or revolution
for the rectangular rim section and the
inner cutout section.

* Multiply by density and acceleration
to get the mass and acceleration.
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Sample Problem 5.7

SOLUTION 100 mm r B0 mm

» Apply the theorem of Pappus-Guldinus B— 30 mm (g —
to evaluate the volumes or revolution for ¢l
the rectangular rim section and the inner -
cutout section. 375 mm 365 mm

« Multiply by density and acceleration to
get the mass and acceleration.

Distance Traveled
Area, mm?® | ¥, mm | by C, mm Volume, mm?

= I | +5000 375 | 2m(375) = 2356 (5000)(2356) = 11.78 x 10°
g 11 | —1800 365 | 2m(365) = 2293 | (—1800)(2293) = —4.13 x 10°

Volume of rim = 7.65 x 10°

m=pV = (7.85><1O3 kg/m3X7.65><106 mm3I10_9 m3/mm3)
W =mg = (60.0kg)9.81m/s?)

5-27
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1w = 4500 N/m
w, = 1500 N/m
A B
Component A, kN X, m
SR Triangle I 45 2
Triangle IT 13.5 4
— . n 4.5 kN/m rangte
S5 kN/m e s
1.5 kN/m [I | 2 .
¥=2m "
o >'M,=0: B,(6)-(45)2)-(135)4)=0
o =y 135KN
) i B, =105kN
A
——-t__ 1
i B,
' 3 A i
T J 5 SF,=0: A-45-135+105=0
-—— 4 m =
5 . Ay =7.5kN
. 5-31
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2 Jlo

S i |y g8 B SIS 9 (o JOUS) ko gy el

b T J19g09
T
S5m &_
y 60°
|
| 5m
L——x
_—a Ex
@ l 5m J' 5m T‘
30 kN 20 kN E,
[EMg = 0] 5T — 20(5) — 30(10) = 0 T = 80 kN
[EF, = 0] 80 cos30° — E, =0 E, = 69.3kN
[SF, = 0] 80sin30° + E, — 20 — 30 =0 E,=10kN
B 6-13
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1 Jls J>

Y , R
| 4AB A Jado Jolas w5 2
|
|
1/ 60°
—>—AC——x
30 kN
[ZF, = 0] 0.866AB—30=0 AB=346kN T
N [ZF, = 0] AC + 0.5(34.6) =0 AC=—-1732kN C
ef
- . . BD
B Jado Jolai (w9 AB = poe
BC
8[SF,=0] — 0.866BC —0.866(34.6)=0 BC=—346kN C

(M [2F, = 0] BD — (0.5)(34.6)+ (0.5)(—34.6) =0 BD=346kN T , ,,
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:C Jako JOlsi (g2

0.866CD — 0.866(34.6) — 20 =0

CD=577TkN T
[ZF, = 0] CE +17.32 + 0.5(34.6) + 0.5(57.7) = 0
CE=-6350kN C

DE
:E M Jéw 22y,
69.3 kN
CE =
63.5 kN
10 kN
™ [ZF, = 0] 0.866DE + 10=10 DE=-1155kKN (C
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2 Jbs J>
Je
oK b B S Job (s 2 b Tusl

Dl o0 (s B 4SS ol

2000 1b 1000 1b

> M =0
(2000 Ib)(24 ft)+ (1000 Ib)(12 ft)- E(6 ft) =0
E =10,0001b T

g
§g

F,=0=C

X

i
P
Il
o

Ng
ak
[
o
|

y =0=-20001b-10001b+10,000Ib +C,
Cy =70001b
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(aobsl)1 Jbo J>

20001 10001h c

B A Jain J3ls5 sz
A
2 ———Fys 3
N
] 2000 Ib& 20001b Fag  Fap  [Fag =150010 T
¥ =TAB _
N 3Fu Fo 4 3 5 Fap =25001b C
g Foa= 20 Fpp e D Jaie Jobsi o)
7 4 4
S s Vo Fos = Fpa Fpg =25001b T
————Fpr F 3
o Fpoe = ZQ)FDA Fpe =30001b C

: 6-18




Vector Mechanics for Engineers: Statics

2000 1b 10000 Th

(aobsl)1 Jbo J>

B Jado Joles Ry
>.Fy =0=-1000-2(2500)- ¢ Fge

Fge =-37501b Fge =37501b C

> Fy =0=Fgc —1500-2(2500)- 2(3750)

FBC = +5250 Ib FBC = 5250 Ib T

Fyga=15001b |
4 4
Fyp=25001b Fgg
Frpg=37501b Fer

E Jaio Jolsi ()

> Fy =0=3Fgc +3000+3(3750)
Fec =-87501b

Fec =87501b C

6-19
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2000 1b 1000 Ib

3

(aolsl)1 Jlio J>
JrsS 12 C Jaio Jobss (o)

0wl Cawny sleglgs

S F, =—5250+ %(8750) =0 (checks)
Y F, = 7000+ %(8750) =0 (checks)
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S99 {(Jado JO) Jado gy ilwl 3
S i 1y FC g GC gas 518

CG=224kNT,CF=1kNC

1F, =0 requires F) = F

ZF, =0 requires F; =0
R
ZF,=0requires Fr =0

LF, = 0requires F3 = F

ZFJ, =0 requires F; =0

F,
ZF, =0requires F| = F; N

(a) &) )
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‘Jlo

S e 1y o sgas ouw 0a1d ylid b g0

25 kN £ 50 kN
25{: Ry AR/
B
e

IR AR
AN
. VA T = Y
1 Cc E G I K 1
20 kN
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|

30 kips A

9 BD slagas 15 9. (v igy il 9
padecnd LAY \
30 kips ||B
>t C

ft
30 kips

l .
T; = =
¢ LL.” G

@

w

e
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|
28 kips 28 kips 10 59 (v gy bl
l oS gaad ly Gl g EF glagas
A C _E G I K 16 kips
—1—:: (P ) [T c#
10 ft V
B ) J 9]
D F H

st T 8ft | 8ft | 8ft | 8ft |
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|

; 1S9 (R gy W
\*H Lk S ouxi 15 GH oGl gFH glagas

E G I K
5kN 5kN 5kN
~——6 panels @ 5m = 30 m——
guw 2-27
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Trusses Made of Several Simple Trusses

; z » Compound trusses are statically
WA determinant, rigid, and completely
| \/ I\ constrained.

— — m=2n-3

¢ Truss contains a redundant member
and is statically indeterminate.
m>2n-3

A « Additional reaction forces may be
AN A N> necessary for a rigid truss.

(W o poeaE At o aF e Necessary but insufficient condition
: non-rigid rigid for a compound truss to be statically
determinant, rigid, and completely
constrained,

m+r=2n

m<2n-3 m<2n-4




Vector Mechanics for Engineers: Statics

:J>

LkN & 1kN SOLUTION:
— 1 kN
. _Lm 1kng D 2 ] * Take the entire truss as a free body.
'L 7 Apply the conditions for static equilib-
G I K

_ rium to solve for the reactions at A and L.
SkN 5kN SkN
|<——5 panels @ 53 m = 30 m4-|

SMp =0=—(5m)6kN)—(10m)6kN)—(15m)6KN)

= — (20 m)LKN)— (25 mYLkN)+ (25 m)L
L=75kN T
2. Fy=0=-20kN+L+A
A=125kN T
6-29
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Sample Problem 6.3

« Pass a section through members FH, GH, and Gl
«-2s0r  and take the right-hand section as a free body.

SKN 5N SN | Ll
12.50 kN L
ha « Apply the conditions for static equilibrium to
-y o determine the desired member forces.
I Fg =
§rsmn=5mm“ Ny > My =0
(7.50 kN )10 m)—(LkN)5m)—-Fg, (5.33m)=0
o Fg =+13.13kN

[Fg =13.13kN T|
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Sample Problem 6.3

Fpy sina

Fn sz Jp tang=rC_8M (5333 4 _2807°
GL 15m
2 Mg =0

(7.5kN)15m)—(LKN)10 m)—(1kN)5 m)
+(Fpy cosa)8m)=0

Fry =-13.82kN
IFey =13.82kN C]
Gl 5m
tanf=—= =0.9375 =43.15°
p HI 2(8m) p
2M =0

(LKN )20 m)+(LkN)5m)+(Fgy cos A)10m)=0
Fon =-1.371kN

[Fop =L.371kN C|

6 - 31
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|

SRS

& Mashad

A sign weighing 600 N hangs from a pin-jointed planar truss, as shown in
Fig. 1. (a) Use the method of joints to determine the internal axial forces
in members CD and DE, respectively. Neglect the weight of the

truss members. (b) Use the method of sections to determine the axial
Force in member FG.

w:
38
H
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:Jlo
DG gas HIS18 59 69 99y wilel »
S o |
N
| oy (o o) JOU (w s 59
10 kKN q
10 kN ‘ '
cL~cp .
L Kil J
A N LU kN
o 4 JK i 6 panelsat4 m
®  1833kN
[EM, = 0] 0.707CJ(12) — 10(4) — 10(8) = 0 CJ = 14.14kN C
[ZM; = 0] 0.894CD(6) + 18.33(12) — 10(4) — 10(8) =0
CD = —18.63 kN
guw 2-33

L Kil J ‘I’
10 kN 10kN
6 panels at 4 m

18.33 kN

[EMs = 0] 12DJ + 10(16) + 10(20) — 18.33(24) — 14.14(0.707)(12) =
DJ =1667TkNT
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‘Jlo

1 59 (i gy il
S w1 CF ge
F. :&
= E olf 4 30 Joadl uSE (ot
325 kN S5kN IkN 475 kN
E'chw 2-35
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a.-a. J}!W‘)WJéww)ﬁ
G
I’~ T
: FFG ~F zlrn
6 m! Fer\PTT~ [
: "‘\\\ 4m
Fcpcos 45°C! ) __‘_\:O
45% Foo [ AE
A_b—4dm—f—4m—f—X
Fepsindse ¥
3kN 4.75kN
C+2M0 =0
—Fepsind5°(12m) + (3kN)(8m) — (4.75kN)(4m) =0
Fep = 0589kN (O) Ans.
2-36
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1200 N D 2m im g SIS0 5958 (v 2 gy bt
* . WS i 1,FG g BC g
800 N —=< 2 p
2m
400N —8 z L
2m
AA@
- D 2m 2m
1200 N e ;‘m ZMC _ 0
800 N —&, o
|—,‘|I, cl JF F\ . WF =0
CB FG
[ 2-37
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Shear and Bending Moment Diagrams

1L

* Variation of shear and bending
moment along beam may be

- o | i plotted.
R » Determine reactions at
Agi)" . supports.

¢ Cut beam at D and consider
member AD,
V=+P/2 M=+Px/2

¢ Cut beam at E and consider
member EB,

V=-P/2 M=+P(L-x)/2

¢ For a beam subjected to
concentrated loads, shear is
constant between loading points
and moment varies linearly.

7-5
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1 Jlo

s ygliS g (g S99 319909 (b9 gy elel

| ]
| 1
— J «hglod o 5 1
1 g l Ez T 4 kN
Ry =16kN Ry=24kN
6 m 4m
¥ v
| LM M
i 110 -x \Q«:)JWWJQL&:G«N)J)
1 1
1.6 kN v 2.4 kN
- [XF, = 0] 16-V=0 | V=16kN
! I |
o ! [ZMp, = 0 M-16x=0 [M=16x
i o | m
0 3 LI
_:-24 Y o Cowly Coomn JOlaS (owy
M, kN-m 1
961 ——————— ' | (ZF, = 0] V+24=0 |V=-24kN
|
R |
/\ (EMg, = 0] ~@4H10 -0 +M=0 |M=24010-2x
0 L —xm
0 [ 10

2-6
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| winty,

-

lj*:n*’m b

R;=46 kN T  Rp=14 kN 1
+13F,=0: -20kN -V, =0
+7EM, = 0:  (20kN)(Om) + M, =0
+13F, = 0. —20kN - V,=0
My = 0: (20KN)25m) + My =0

V, = +26 kN My =—50kN - m
V,=+26kN M;=+28kN 'm
Vs = —14 kN Ms = +28 kN - m
Vs = —14 kN Mg=10

2 Jlo J>

V, = —20 kN
M, =0

—20 kN
~50kN - m

Vi
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2 o J> aolsl
20kN 40kN
| I [T I
B D
A*I 1 Bi I*I I
i Y icl |
11 217113 4115 61 14 kN
46 kN
V+2,5m 3 m—==2 m=
+26 kN v = e E=Il
Vy = —20 kN M; = —50kN - m
| X Vs = +26 kN M; = =50kN - m
| 20 kN —14 kN V= +26 kN M;=+28kN 'm
. Vs=—14 kN Ms=+28kN - m
& -25m 3m 2 m+| Ve = —14 kN Mg =0
M
+28 kN - m
X
—50kN - m
'3
ne =
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Eﬂ‘mm Ih/in.
¥ @ \_D v i’j
400 1h
._lii“'_--&_in.- ;—i;!—-ll]iu.—- z M A= 0 :
] 32 in; 1 By(32in.)—(480Ib)(6in.)—(400|b)(22in.)=O
- B, = 3651
RN B B,
A:r c | t 2 Mg =0:
f E B, . . .
n ' ‘ﬂ_w / (480Ib)(26in.)+ (4001b)10in.)— A(32in.) =0
J 16 in 10— A=5151b
in. ‘—Tﬁi“- in—= F = O . B = O
Ik-}:?"i"’iﬂ I{ﬂ)::li-ill. z " :
1 I I I I ] ] A 5
515 "11 ¢ ‘u v:‘fﬁ Ih
e 400 b
i 7-11

3 Jbo J>

l=—12 in.—} i 14 in.—=
00 llvin ——
) HTTH A~ ,
L :i ¢ 25 . 3! 1rm b
o 5‘24 1400 11 :
¥ i !
. Il)u ! +T2Fy =0
5151h v i +5EM, = 0
i ]
1 480Th !
| ~ - 6] |
i !
15 b %jl‘l i +TEF9 =0
. I ! +5EM; = 0
L:r rl\::ll. . 1
= 1600 hin. | M
i Hf ﬁ_l) +12F, = 0:
15 1h tx__’\ A
! 100 |y 15 |y +'T EMQ =0
v
5|5||||\ﬁ - o
: ]%i"' I_ 365 Ih
s 3510 lvin L5110 Ibvin,
00 i i

: Statics

3 Jlio J> aolsl

0<x<12in.
515 —40x — V=0
—515x + 40x(3x) + M = 0

V =515 — 4x
M = 515x — 200"

18 in. < x < 32in.
515 — 480 - V=0V=2351b
—515x + 480(x — 6) + M =0 M = (2880 + 35x)Ib - in.
18in. <x <32in.
515 — 480 — 400 -V =10 V=-3651Ib

—515x + 480(x — 6) — 1600 + 400(x — 18) + M = 0
M = (11,680 — 365x) Ib - in.
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a3 9l 9 i S9w ol o bl

* Relations between load and shear:

V—(V+AV)-wAx =0
dv . AV
—=lim —=-w
A 1B dx Ax—0 AX
c D o

c
Xp
N ‘*AI Vp —V¢ =— [wdx = —(area under load curve)
w Ay X
I 1 . -
-1 ey « Relations between shear and bending moment:
I (M +AM)-M —VAX+ wag =0
= 2
v
n( 1 l )“ s au M_ i AM i (\/—%WAX)zV
¢ oy dX  Ax—0 AX  Ax—0
|H *p
Mp —M¢ = [V dx =(area under shear curve)
| Xc
M 7-13
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(5 &= Ju9)) M9V Hbeas puw i Sy ixio ) alaw Gy, -2

S99 319905 o 5§ Cug>) 203 SN g0 () 0 gy 99
109w (o0 pLu! (o 5gliis g (b p9

T dx . . . . . .
. ) o3 319903 w33 9 AU Jord| (S5 59 0 ot —)
[ av=-] wa il o 3 (5 39) 6 g 53 g Egoine

V =V, + (the negative of the area under
the loading curve from x; to x)

o0 3 ) Thaw bl 33 (oS 3 gliS 513 905 poaw i —Y
39 & Jbos! 35 yoio s glilS 9 (w9 59 9

_dM
V_dx

x o 39lT g v 9 650 oo Talgy 3 o0l (3L < S —
J:fdM:f Vs 28LAS 9 g 65k om Ty 31 0oLt (3L 0390 40 —F

M = M, + (area under the shear diagram from x; to x}

EW
38
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‘i) @z g9y L 2 Jhe

20 kN 40 kN 39S g i g 9.0 319903 () @0 gy bl
T e 5 ¢ il Ok 5,105 44 8 5111 (o
A
boe § fun
46 kN 14 kN
=2.5m={=—23m 2 m >
v 20 kN 40 kN
+26
(+78) JL B l
< A | D
(-50) 28 | 14 A C
-20 =
= | 25meb3m—b-gm
M
_ +28
//\ x
- =50
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Relations Among Load, Shear, and Bending Moment

l \ \ l l ] ” l l J l l * Reactions at supports, Ra=Rp =W7L
AEr ) 4 « Shear curve,
I X
. V =V, =—[wdx = —wx
T 7
iR_‘:%u,_ RB:ﬁ \ =VA—WX=W2L—WX=W(|2_—XJ
Ll ¢ Moment curve,
& ) M-Mj = dex
= %,N * 0
X (L w 2
L M = w(—xjdx= Lx—x
M (a) ' (J; 2 2( )
R~ ; wi2 M
% Mmax=T (Math=V=Oj
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‘i) @ex Uiy L4 Jbe

29UAS 9 2 S99 J1O9M ) 2o gy bl g
20 kips 12 kips 1.5 kips/ft o bod o 33 ¢ R0 B (6 3105 3 i (51 9 1y (o>
A l l E
B @ D
Lﬁ ﬂ—\' 8 ft‘l'm ft—=~—8 ft—=|
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4 Jbo J>
| 20kips 12 kips 115 kips/it |
Ay
B 11 o D,
i Z M A= 0:
e o D(24 t)— (20 kips )(6 ft)— (L2 kips (L4 ft)
kips
e — (12 kips)(28ft) =0
- (+108) tpph (+48) D =26 kips
_ f}ll’i} i z Fy =0:
(—140) Ay —20kips —12 kips + 26 Kips —12 kips = 0
u -14 -
b o iy Ay =18Kips
N  Between concentrated load application points,
dV /dx = —w = 0 and shear is constant.
g,.w 7-18
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7 Jbo J>

Eﬂ‘ﬂw Ih/in. SOLUTION:
Afe B
°l B =

400 1h
._lii“'_--&_in.- ;—i;!—-ll]iu.—- z M A~ 0:
32in. . By (32in.)—(4801b)6in.)—(4001b)(22in.)=0
y B, = 3651
T PL o o,
Jr c |, t 2 Mg =0:

A : B, . . N
|_l I (4801b)(26in.)+(4001b)10in.)— A(32in.)=0
. L Lo A=515Ib

121n 14 in—> ZFX=O: Bx=0
il |WI:~‘ |{l”"“ »in,
] A * Note: The 400 Ib load at E may be replaced by a
| @ ( 400 Ib force and 1600 Ib-in. couple at D.
515 \IT v:}ﬁsll:
e 400 b

Graw 7-22
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=—12 in. 14 in.—=
40 Ib/in.
1600 Ib-in.
A B
A C D A
515 Ib 365 Ib
400 Ib
\%

A 351b
o i 18 in. 32 in. z
- T

" I e

3510 Ibrin, |__5110 Ib-in.
3300 Ib-in~
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B
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Sftl 11ft 16 ft .
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M
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w
—dv
= Tde
it v .
[
V=V, + ithe negative of the area under
the loading curve from x; to x)
y=dM o X
=1 -
= [ ve
M = M, + {area under the shear diagram from x; to x)
Me
Graw 2-25
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(Jse @dlSS) (e
[ l.L (= .'| _&_H :’is—“:;lJON,M-lJ
sz_l__SM__l__zm\_l__erJ M. = 2800N-matx=325m
o 39l g gt (S9. 310900 o § Cumigllane
oJlio ol (5105 3b i (1 2

r_' [ T l x=6m

_Wls V= —600N, M = 4500 N-m

-
T | —I— My, = 5620 Nematx = 4.25m
2m-s—3m 2m -ZM—J

P 5/154 The beam supports a uniform unit load w. Deter-
L_f mine the location x of the two supports so as to

inimize the il bhending M. in
the beam, Specify M,,,..

A

+5/154 x = 0.207L, M, = 0.0214wl?
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o ) gliS g (i) 5990 519909 o i Cumsdgllae
6 kN/m . .
/,/]/l/rl/l/]/ o223 O (5 1 4 5 51 2
‘ | sl
A
AN 18 kN -___‘__.. =——
V (kN)
9
2 x(m)
520 m——
Tl
| M (kKN m) -18
Mo =312
e 520 g— ¥ (m)
G| 2-29
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o 3 gliS g (i) 5990 519909 o i Cumsdgllae

45 kN/m . X
| 1177 o Jilio oui (5105 5L 5 S1
Y B c Y
A |- A F D
. B Ry=272.5 kN
| \ Rp=272.5 kN
Fm o 3 M, =245.625 kN.m
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28,JSS

64 kN « m S o 39liS g i g3 (S9. 510900 e F Cumigllne
gt b : il 0l 5,5 54 3 51 9
Alj { s > 2 B
an J' e Ru= -28 kN
I— 2m 2 m—-f=—2m— Rp=76 kN

Mnax=56 kN.m
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« Consider distributed forces AF whose magnitudes are
proportional to the elemental areas AA on which they

act and also vary linearly with the distance of AA

§ 1,00 from a given axis.

uonIp=
yauip

» Example: Consider a beam subjected to pure bending.
Internal forces vary linearly with distance from the
neutral axis which passes through the section centroid.

AF =kyAA
R=k[ydA=0 [ydA=Q, =first moment
M =k y2dA | y2dA =second moment

< Example: Consider the net hydrostatic force on a
submerged circular gate.

AF = pAA = yAA
R=)/IydA

My =7[y?dA

g#
o
N
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» Second moments or moments of inertia of
an area with respect to the x and y axes,

Iy=[y?dA 1, =[x*dA

dA = dx d)

e

« Evaluation of the integrals is simplified by
choosing dA to be a thin strip parallel to
one of the coordinate axes.

« For a rectangular area,

h
I =[y?dA=[y?bdy =1bh®
0

 The formula for rectangular areas may also
be applied to strips parallel to the axes,

dlx=%y3dx dly=x2dA=x2ydx

dly = sty ds

Vector Mechanics for Engineers: Statics

 The polar moment of inertia is an important
y parameter in problems involving torsion of
cylindrical shafts and rotations of slabs.

Jo =[r?dA

A
\/  The polar moment of inertia is related to the

rectangular moments of inertia,
Jo= jrszz j'(x2 + y2)1A= _[xsz+f y2dA
=ly+1y
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« Consider area A with moment of inertia
I,. Imagine that the area is
concentrated in a thin strip parallel to
the x axis with equivalent I,.
2 I
I, =kgA Ky = KX

k, = radius of gyration with respect
to the x axis

= o Similarly,
|

u ly =kiA ky= Ky
J
Jo=k3A ko= 70
kG =kg +k§
E'?cfw 9-5
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y SOLUTION:
o Adifferential strip parallel to the x axis is chosen for
dA.

dl, =y?dA  dA=Idy

¢ For similar triangles,

! = h-y l=b h—y -—J
. b h h h
Determine the moment of
inertia of a triangle with respect  Integrating dl, fromy = 0toy = h,

N toits base. h h
__ B
:b{hys—yﬂh -
n|' 3 4 12
Eﬁzw 9-6
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SOLUTION:
* An annular differential area element is chosen,

dlo =u%dA  dA=2rudu

r r
Jo = [ddo = [u?(2zudu)=27[u’du
0

0
T 4
Jo==Tr1
°©72
PN a) Determine the centroidal polar « From symmetry, |, = |
Il moment of inertia of a circular e
area by direct integration. Jo =Ix+1y =2l T4 =21,
- b) Using the result of part a,
determine the moment of inertia )
of a circular area with respect to a | diameter = Ix = Zr
diameter.
B 9-7
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» Consider moment of inertia | of an area A
with respect to the axis AA’

| =[y2dA

= nlﬁ
> =

» The axis BB’ passes through the area centroid
and is called a centroidal axis.

| =[y?dA=[(y'+d)*dA
N =[y'?dA+2d[y'dA+d?[dA

I =T+Ad2  parallel axis theorem

o
=g
H
©
e}
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« Moment of inertia | of a circular area with
respect to a tangent to the circle,
c It =T+Ad2=%;rr4+(zrr2)r2
ke 1 _5p4
d -I_— r - 472.r

« Moment of inertia of a triangle with respect to a
D

I D’ centroidal axis,
& / \ | a = gy + Ad’
| | & -

2 3 2
lgg = | aw — Ad? = L bh® —~1bn(lh)

§ ; 1 nR3
A I"—ﬁ—‘"l A —%bh
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oS0 zoloaw i) 9l

w9A3 9 Ay g Ag zobw (S5 HldS ez b P90 Hemmo 4 Comnd A a1 HglilS

AT (o0 Cawd 4y ok 4 Cound

¥ y Tp= #hﬁ“ L)
o To=Lb%
Rectangle b+ ~ k=3 Semicirele s
1 < By Lo Jo=3
he—b—] | Joeibheteny
_ ) L=l =1ard
PN Triangle ' o= b Quarter circle iy
& L T | e o
1 b—b— "
)
1= }mba
Circle i “ Ellipse Iy = ma’h
3 Jo=g ®r 1
Jo= ;mbtaﬂ +b?)

9- 10
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Axis Y-Y
Area | Depth Width I 7 oy Tk, T
Designation mm? ‘mm mm 106 mm* mm mm | 108 mm* mm mm
¥ WaB0 % 1131 14400 | 463 280 554 196.3 635 663
W Shapes W10 % 85 10800 | 417 181 316 170.7 1794 406
(Wide-Flange W60 % 57 7200 [ 358 172 160.2 149.4 1111 394
Shapes) X X | W200 x 46.1 5800 | 203 203 4558 85,1 1544 513
1!
Y 5460 x 81 41 10390 457 152 335 179.6 B.66 29.0
§ Shapes S310X 47.3 603z | 305 127 907 1227 390 254
(American Standard 5250 X 37.8 4806 | 25¢ 18 516 1034 283 M2
Shapes) S150 % 186 2362 | 152 B4 92 622 0.758 1781
X X
ol
¥
¥ C310 x 30.81 3929 305 T4 5.7 1171 1615 2029 17.73
C Shapes C250x 228 25847 254 65 28.1 98.3 0849 1511 1610
{American Standard C200% 17.1 2181 | 203 57 1357 790 0549 1588 1450
Channels) Cl50x 122 1548 152 48 545 59.4 0288 1364 13.00
X
X
¥
'3
Graw 9- 11
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14.10 in.

6.77 in.
The strength of a W14x38 rolled steel
beam is increased by attaching a plate
to its upper flange.

Determine the moment of inertia and
radius of gyration with respect to an
axis which is parallel to the plate and
passes through the centroid of the
section.

S0 2ol 3| aign; Jlo
SOLUTION:

« Determine location of the centroid of
composite section with respect to a
coordinate system with origin at the
centroid of the beam section.

« Apply the parallel axis theorem to
determine moments of inertia of beam
section and plate with respect to
composite section centroidal axis.

« Calculate the radius of gyration from the
moment of inertia of the composite
section.
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in, SOLUTION:
9i . . . . .
I“ = —I « Determine location of the centroid of composite section
with respect to a coordinate system with origin at the
centroid of the beam section.
14 10 in. . 9 X .3
Section A, in y,in. | YA in
Plate 6.75 7.425 | 50.12
| Beam Section | 11.20 0 0
6.77in. > A=17.95 > yA=50.12
Yy
i B YTA-TyA v-2JA_ M = 2.792in.
7.42f in. i YA 17.95in?
) I
Y
g 9- 13
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2 ¢ Apply the parallel axis theorem to determine moments of
|~—9 in. —-| inertia of beam section and plate with respect to composite
section centroidal axis.

I Y 2
¢ beamsection = Iy + AY 2 =385+ (11.20)(2.792)

‘4 M =472.3in*

l L plate = Ix + Ad? = 5(9)(3)3 +(6.75)(7.425 - 2.792)?
I =145.2in*
6.77 in.

Ix' = Ix',beamsection + Ix',plate =472.3+145.2

Yy
'r g 3
d I, =618in"
425 in, {
l in a 5
= 7 x e+ Calculate the radius of gyration from the moment of inertia
¥ of the composite section.
.4
K, = [1x _617.5in" Ky =5.871n.

VA 17.95in2
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SOLUTION:

« Compute the moments of inertia of the
bounding rectangle and half-circle with
respect to the x axis.

» The moment of inertia of the shaded area is
obtained by subtracting the moment of
inertia of the half-circle from the moment
of inertia of the rectangle.

Determine the moment of inertia
=1 of the shaded area with respect to
== the x axis.

w:
38
H

©

- 15
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2 Jko J>
g — SOLUTION:
T ~ « Compute the moments of inertia of the bounding
120 E’T:rg" e ‘ rectangle and half-circle with respect to the x axis.
_l_. 2 - Rectangle:

I, =1bh® =1(240)120)=138.2x10°mm*

y Half-circle:
moment of inertia with respect to AA’,

A - A
m]Lj \y:'m“ . I aa = 12r* = 17(90)* = 25.76 x10°mm*
=818 mm

x moment of inertia with respect to x’,
= e, I = |y — Aa? = (25.76x10° J12.72x10°)
=4, 3y _coemm =7.20x108mm*

b=120-a=81.8mm

moment of inertia with respect to x,
A=1a?=1z(90)

Iy = T + Ab? =7.20x10° + (12.72x10% 81.8)°
=12.72x10°mm? =92.3x108 mm*
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« The moment of inertia of the shaded area is obtained by
subtracting the moment of inertia of the half-circle from
the moment of inertia of the rectangle.

& Ix = 138.2x108mm* - 92.3x10°mm?*

Vector Mechanics for Engineers: Statics
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, Y 9X 90 &) Cumad Thaw (31 P98 5l (puet S gllan ok 0318 5 50w (51
Pirnensions y ¥
nmm
X =45 v
45 90— )
T = 3(90) = 60
& -f7
20 T ‘ \
4 o, 4@S)
100 o C —1— w(}y_lm+y—l]9.l
l l ¥ = H100) = 66.7
X X X
| Triangle
2 2
- bR 90100y
== =250 x 10° mm*
I = I, + A7 = (2.50 x 10°) + (4500)(66.7)" = 22.52 x 10° mm*
~hbY O 100(90)° 6 4
I, = 36 = 36 = 2,025 x 10° mm
:t;':u;fzw Iy = I, + AF? = (2.025 x 10°) + (4500)(60)* = 18.23 x 10° mm* 2-18
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v
Dimensions
inmm g yi
x =45 ¥
45 90 —— s
* = 3(90) = 60 i xX=
& B g
= \ &
{0 - Ce —1— wﬁy:mm%:m.l oo
\ ¥ = X100) = 66.7
X J X X X
Semicircle
R2 45)*
= A=”T=”(2) = 3181 mm’
I, = 0.1098R* = 0.1098(45)* = 0.450 x 10° mm*
I, = I, + A5 = (0.450 x 10%) 4 (3181)(119.1)% = 45.57 x 10° mm*
R* 45)*
vy = RT = R(S ) = 1.61 x 10® mm*
I, = I, + A¥* = (1.61 x 10°) + (3181)(45)* = 8.05 x 10° mm* -

Vector Mechanics for Engineers: Statics
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y
Dimensions
R y y
mn mm
i=45 ¥
45 90— s
% = 2(90) = 60 . L=
(K . w
= ‘ 45 ¢ § 20
=l \ @
_ 4(45) !
Ce ¥=100+== =119.1
100 100 _1_ 100 3 $=100
\ ¥ = X100) = 66.7
X J X X X

Circle
A= JTR2 = 7'!(20)2 = 1257 l‘l‘l]‘l‘l2
P 7R w(20)*

X = 4 -
I, = I, + Ay = (0.1257 x 10%) + (1257)(100)* = 12.70 x 10° mm*
i TR*  7(20)*

=0.1257 x 10° mm*

y
4 4
I, = I, + A%* = (0.1257 x 10°) + (1257)(45)* = 2.67 x 10° mm*

=0.1257 x 10° mm*
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y
Dimensions
R y y
mn mm
=45 y
45 90— s
% = 2(90) = 60 . L=
(K . w
= ‘ 45 ¢ § 20
=l \ @
_ 4(45) !
Ce ¥=100+== =119.1
100 100 _1_ 100 3 $=100
\ ¥ = X100) = 66.7
X J X X X

I A =%A =4500+ 3181 — 1257 = 6424 mm?
I, = X1, = (22.52 +45.57 — 12.70) x 10° = 55.39 x 10® mm*
I, = X1, = (18.23 +8.05 — 2.67) x 10° = 23.61 x 10° mm*
g,,w 2-21
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e » Product of Inertia:
(‘____d’n Iy =[xy dA

« When the x axis, the y axis, or both are an
axis of symmetry, the product of inertia is
Zero.

« Parallel axis theorem for products of inertia:
Ly = Ty +XYA
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« The change of axes yields
Ie+1y Iy=1ly

Iy = > + 0826 — 1y sin 20
I+, I -1
_ y_x" 7y ;
ly = 5 c0s260 + 1y sin 20

-1
Ly = %sin 20+ 1y €05 20

* The equations for I,. and I,.,. are the

Given 1, =[y%dA 1, =[x*dA : _ :
parametric equations for a circle,

Ly =[xy dA 2,02 _p2
. . (e = Tave) +lyy =R
a We wish to determine moments
and product of inertia with _ I tly R= Ix=ly 12
respect to new axes X’ and y’. ave 2 2 Y

b ote: x'=xcosd+ysing « The equations for 1 and I,.,. lead to the

y'=ycosé—xsind same circle.

Vector Mechanics for Engineers: Statics
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* Atthe points Aand B, I,.,» =0 and I, is
a maximum and minimum, respectively.

Imax,min =lae R

21,y

tan 20, = - I

x_ly

* The equation for &, defines two
angles, 90° apart which correspond to
the principal axes of the area about O.

* I and |, are the principal moments
of inertia of the area about O.
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y SOLUTION:

 Determine the product of inertia using
direct integration with the parallel axis
theorem on vertical differential area strips

e Apply the parallel axis theorem to
evaluate the product of inertia with respect
to the centroidal axes.

Determine the product of inertia of
the right triangle (a) with respect

- to the x and y axes and

(b) with respect to centroidal axes
parallel to the x and y axes.

J>

SOLUTION:

y y'  Determine the product of inertia using direct integration
with the parallel axis theorem on vertical differential
area strips

y= h(l—fj dA= ydx = h(l—ijdx
b b
Rel = X Yo =Ly=1n1-%
el Yel 2 y 2 b
— X
Yel Integrating dl, fromx=0tox =D,
X b 2
oo X
=i 'xy:IdlxyzjxelyeldA:IX(%)hz( ‘B) dx
: 0
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= « Apply the parallel axis theorem to evaluate the
y| v product of inertia with respect to the centroidal axes.

\ x=1b y=1n

With the results from part a,

h Iy = Ty + XYA
x" E 122 (1nYip\a
T [y = £b2h% —(Lb)Lh)Lbh)
y
X
) T = —Lb%h?
L:r Xy 72
'3
. 9- 27
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4 SOLUTION:

» Compute the product of inertia with
respect to the xy axes by dividing the
section into three rectangles and applying
the parallel axis theorem to each.

* Determine the orientation of the
principal axes (Eg. 9.25) and the
principal moments of inertia (Eq. 9. 27).

W For the section shown, the moments of
=1 inertia with respect to the x and y axes
b are |, =10.38 in*and I, = 6.97 in.

Determine (a) the orientation of the
b principal axes of the section about O,
B and (b) the values of the principal
moments of inertia about O.

w:
38
H

©

- 28




Vector Mechanics for Engineers: Statics

¥ SOLUTION:
[—38in— « Compute the product of inertia with respect to the xy axes
by dividing the section into three rectangles.

Apply the parallel axis theorem to each rectangle,

4in —
— e—gin. %ll Ixy:Z(Ix'y'+XyA)
o Note that the product of inertia with respect to centroidal
1

axes parallel to the xy axes is zero for each rectangle.

i
L2Sin. Rectangle | Area,in® | x,in.| y,in. xyA,in#
¥ | 15| -1.25| +1.75 -3.28
. 1.751in. I 15 0 0 0
ol - Il 15| +1.25 | -175 -3.28
1'7_5{":'___ _ 1 > XyA=-6.56
1.25in. ‘Ixy :ZYVA:—6.56in4
'3
Eﬁlzw 9- 29
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g « Determine the orientation of the principal axes (Eq. 9.25)
b /fh. =127.7 and the principal moments of inertia (Eq. 9. 27).

o 21 .
an2g, —— 2 __ 2-650) g

l,—1, 10.38-6.97
26, = 75.4°and 255.4°

0 =37.7° and 6, =127.7°)

2
| =1038in* |max’min:%i ['x;'yj “z
l,=6.97in*
2
1y 6561’ 210.3824-6.97 . \/(10.382-6.97) L (6567

I, = Ipay =15.45in*
Iy = lmin =1.8971in*
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1, » The moments and product of inertia for an area
g are plotted as shown and used to construct Mohr’s

circle,
R Ix=ly}), 2
[ 2 ] IXy

» Mohr’s circle may be used to graphically or
analytically determine the moments and product of
inertia for any other rectangular axes including the
principal axes and principal moments and products
of inertia.

Vector Mechanics for Engineers: Statics
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SOLUTION:

* Plot the points (I, I,,) and (I, ,-1,).
Construct Mohr’s circle based on the
circle diameter between the points.

* Based on the circle, determine the
orientation of the principal axes and the
principal moments of inertia.

The moments and product of inertia « Based on the circle, evaluate the

with respect to the x and y axes are |, =
7.24x106 mm?, 1, = 2.61x106 mm*, and
I,y = -2.54x10° mm*.

Using Mohr’s circle, determine (a) the
principal axes about O, (b) the values of
the principal moments about O, and (c)

g the values of the moments and product

of inertia about the x’ and y’ axes

moments and product of inertia with
respect to the x’y’ axes.




Vector Mechanics for Engineers: Statics

I, (106 mm4) SOLUTION:
Y(2.61, +2.54) * Plot the points (I, I,,) and (I, ,-1,,). Construct Mohr’s
circle based on the circle diameter between the points.

i OC = lpye = (1 + 1,)=4.925x10° mm*

. 4 1 6,4
B E Bal ) ol CD=4(1,-1y)=2.315x10°mm
I
724, -2.54) R=+/(CDY + (DX}’ =3.437 x10° mm*
-
Ix=7.24x10"mm + Based on the circle, determine the orientation of the
ly = 2.61x10%mm? principal axes and the principal moments of inertia.
o Iy =-2.54 x 108 mm* tan 26, = % =1.097 26, =47.6° O = 23.8°
lmax = OA= lge + R [ pay =8.36x10°mm*|
Imin = OB = l e — R I min =1.49x105mm*
Me
Graw 9- 33
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 Based on the circle, evaluate the moments and product
of inertia with respect to the x’y’ axes.

The points X’ and Y’ corresponding to the x” and y’ axes
are obtained by rotating CX and CY counterclockwise
through an angle ®@=2(60°) = 120°. The angle that CX’
forms with the x* axes is ¢ = 120°- 47.6° = 72.4°.

4925 % 106 mm* I, =OF =0C +CX'c0s¢ = | 5 + RC0572.4°

f 3 X _20=120° ‘Ixr =5.96 ><106mm4|
3.437 X 108 ! ' o
& min‘ Cv\ EF\ ly=0G=0C—-CY'cosg = I, —Rc0s72.4

c 757 1y =389x10°mm?

T
|
|
|

x Iy = FX'=CY'sing = Rsin72.4°
26, =47.6°

Y

_ 6 4
OC = I e = 4.925x10° mm* ey =328x10°mm]

R =3.437 x10°mm*




