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Abstract: This paper puts forward a risk-based approach to prioritize a portfolio of buildings for retrofit. A new set of local sensitivity
measures is proposed to rank the buildings based on the optimal mitigation of risk to the entire portfolio. The proposed measures employ the
derivative of various risk measures with respect to the cost of retrofit for each building. These risk measures are the mean and higher moments
of the total portfolio cost probability distribution. The total portfolio cost comprises the construction cost due to retrofit and the repair cost due
to damage. The proposed sensitivity measures quantify the reduction of risk to the entire portfolio per dollar spent on retrofitting each
building. They provide the flexibility to prioritize under risk-neutrality and risk-aversion. To quantify the risk, reliability methods were
employed in which many interacting probabilistic models evaluate the costs. The proposed methodology was applied to prioritizing
114 masonry school buildings in Iran for seismic retrofit. To this end, models were developed to predict the repair and the retrofit cost
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Introduction

Society is confronted with infinite choices to invest limited resour-
ces on improving safety. This paper addresses the problem of re-
source allocation to retrofitting a portfolio of buildings for optimal
mitigation of the effect of hazards. In particular, it is suggested here
that buildings whose retrofit yields the largest reduction of risk to
the entire portfolio, per unit money spent, must be prioritized. To
this end, a new set of local sensitivity measures is proposed to rank
the buildings. They utilize the derivative of various risk measures
with respect to the cost of retrofit for each building. The risk mea-
sures are the moments of the probability distribution of the total
portfolio cost, c, obtained from a risk analysis described shortly.
The total portfolio cost is the sum of two costs over all buildings:
(1) Construction cost due to retrofit, denoted by co, which is the
cost of a priori actions to enhance the performance of buildings
to the desired level; and (2) repair cost due to the probable losses
in the future, denoted by cl, which is the cost of a posteriori actions
undertaken in the aftermath of a hazard event to recover the build-
ings to undamaged, pre-event state. The first moment of c is the
mean cost, E [c], which reflects risk-neutral decision making in
accordance with the theory of expected cost (Bernoulli 1738). In
turn, the second moment, E½c2�, is the mean square cost, which,
together with higher moments, E½cn� where n > 1, reflects risk-
averse decision making in accordance with the theory of expected
utility (von Neumann and Morgenstern 1944). The proposed ap-
proach builds upon the work by Mahsuli and Haukaas (2013c),
who employed local sensitivity analysis in portfolio prioritization
for the first time.

To substantiate the metric proposed to prioritize the buildings,
consider the sensitivity of the total expected cost of the entire port-
folio, E½c�, with respect to the construction cost of the jth building
in the portfolio, coj. This sensitivity measure is denoted by
∂E½c�=∂coj. This measure shows the amount of change in the mean
cost of the entire portfolio per unit of money spent on retrofitting
the jth building. Hypothetically, if retrofit yielded no reduction in
the repair cost, a unit increase in the retrofit cost of the building
would result in a unit increase in the mean total cost of the entire
portfolio. In reality, however, spending on retrofit results in savings
due to the reduction of the repair cost. Hence, the mean portfolio
cost increases less than unity per unit spent on retrofitting the build-
ing. The difference, 1 − ∂E½c�=∂coj, is the amount of saving due to
the reduction of the repair cost. The higher this saving, the more
the return of the investment on retrofitting that building. Hence,
buildings with the highest 1 − ∂E½c�=∂coj must be prioritized
in risk-neutral decision making. This measure is dimensionless,
i.e., it is in the unit of, say, dollar per dollar.

Contrary to a risk-neutral decision maker, a risk-averse decision
maker tends to avoid extreme losses, which are highly uncertain. To
accommodate this attitude toward risk, E½c� is here replaced with
E½cn�, where n > 1, in order to weight higher costs more, i.e., to
increase their effect on the decision. In fact, cn is a concave utility
function in terms of c for n > 1. This concavity, according to von
Neumann and Morgenstern (1944), represents a risk-averse attitude
toward decision making. This leads to the derivative ∂E½cn�=∂coj to
be used in a risk-averse sensitivity measure. This derivative is not
dimensionless, and hence not directly comparable with ∂E½c�=∂coj.
To achieve such nondimensionality, the nth root of E½cn�,
i.e., ðE½cn�Þ1=n, is employed. Consequently, the sensitivity measure
1 − ∂ðE½cn�Þ1=n=∂coj is proposed for decision making under
risk-aversion.

To quantify the risk to the portfolio of buildings, the risk analy-
sis approach proposed by Mahsuli and Haukaas (2013a, b) was em-
ployed. This approach yields the exceedance probabilities (EPs) of
the portfolio cost, c. These probabilities are central in computing
the previously mentioned sensitivity measures. In this risk analysis
approach, reliability methods compute the exceedance probabil-
ities, and many interacting probabilistic models evaluate the costs.
These models simulate the occurrence and intensity of hazards as

1M.Sc. Graduate, Dept. of Civil Engineering, Sharif Univ. of Technol-
ogy, 14588-89694 Tehran, Iran. E-mail: hesam.talebiyan@rice.edu

2Assistant Professor, Dept. of Civil Engineering, Sharif Univ. of
Technology, 14588-89694 Tehran, Iran (corresponding author). E-mail:
mahsuli@sharif.edu

Note. This manuscript was submitted on April 22, 2016; approved on
June 30, 2017; published online on November 11, 2017. Discussion per-
iod open until April 11, 2018; separate discussions must be submitted for
individual papers. This paper is part of the Journal of Structural Engi-
neering, © ASCE, ISSN 0733-9445.

© ASCE 04017181-1 J. Struct. Eng.

 J. Struct. Eng., 2018, 144(1): 04017181 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

U
ni

ve
rs

ity
 O

f 
Fl

or
id

a 
on

 1
1/

13
/1

7.
 C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

https://doi.org/10.1061/(ASCE)ST.1943-541X.0001927
mailto:hesam.talebiyan@rice.edu
mailto:mahsuli@sharif.edu


well as the damage, repair cost, and retrofit cost of buildings. The
building models were developed in this study.

The proposed prioritization methodology is showcased by a
comprehensive application featuring 114 masonry school buildings
in two provinces of Iran that are subject to seismicity from several
sources. These buildings are ranked for seismic retrofit. For this
purpose, probabilistic models that predict the repair cost and the
retrofit cost of masonry buildings were developed for the conven-
tional construction of Iran. These schools were affected by 15
sources of seismicity, each of which is modeled in this study by
occurrence, magnitude, location, and intensity models.

Literature Review

Past studies proposed a number of approaches to prioritize build-
ings for retrofit. FEMA (1988) proposed a scoring system for this
purpose, which was developed based on questionnaires filled
through sidewalk surveys. Grant et al. (2007) ranked the buildings
in a two-step procedure: (1) a visual inspection for vulnerability
assessment that yields a short list of critical buildings; and (2) a
simplified structural analysis that ranks the buildings in the short
list. Tesfamariam and Saatcioglu (2008) used fuzzy logic to evalu-
ate the seismic hazard, building vulnerability, and consequence of
failure, and introduced a ranking scheme for reinforced concrete
buildings. In comparison, the present study employed a local sen-
sitivity analysis in prioritization that eliminated the need to utilize
subjective information.

Monti and Nuti (1996) proposed a reliability-based methodol-
ogy to identify the potential weak components of a hospital given a
level of seismic hazard. The result of this analysis was used to iden-
tify the best a priori upgrading action. Nuti and Vanzi (1998) as-
sessed the vulnerability of a hospital system and chose the best
retrofit action based on minimizing the cost-benefit ratio. Using
a similar approach, Nuti et al. (2004) investigated different retrofit
strategies for hospitals after the 2002 Molise, Italy, earthquake, and
prioritized the hospitals in the region accordingly. Vanzi (2000)
identified the optimal retrofit strategy for electric power systems
through minimizing the probability of cutoff at the most needed
nodes in the system. These studies employed optimization-based
approaches to find the best retrofit strategy.

Only a few studies have employed sensitivity analysis for pri-
oritization. Der Kiureghian et al. (2007) prioritized the components
of a system for retrofit using the derivative of a system performance
measure with respect to the mean rate of failure and the mean repair
duration of components. Mahsuli and Haukaas (2013c) proposed a
reliability sensitivity measure for prioritization. In particular, they
computed the derivative of a cost exceedance probability for all
infrastructure components with respect to the cost of retrofit for
each component. Bonstrom and Corotis (2015) employed the same
sensitivity measure to rank buildings of a region under seismic
hazard. They studied different levels of spending and considered
the spatial correlation of earthquake intensity. However, the latter
study disregards the uncertainty in the earthquake occurrence, mag-
nitude, and location, although the location uncertainty, in particular,
affects the ranking of buildings markedly.

The risk measure in the latter two studies is the probability of
exceeding a cost threshold, GðctÞ, in which Gð·Þ denotes the com-
plementary cumulative distribution function, and ct denotes a cost
threshold. Recall that the risk measures here are various statistical
moments of the cost probability distribution, which offer several
advantages. First, whereas EPs are incoherent risk measures, the
ones employed in this research were coherent risk measures
(Artzner et al. 1999; Rockafellar 2007). A coherent risk measure

is capable of effectively regulating and managing risks that stake-
holders face (Artzner et al. 1999). This is an appealing character-
istic because the proposed prioritization methodology is, in fact, a
decision support tool, intended to be used by stakeholders, here,
portfolio managers, to manage the risk to their building portfolio.
Second, statistical moments were computed using the entire prob-
ability distribution, while the EP of a quantile, GðctÞ, is only one
point on the distribution. As a result, a small portion of information
on cost was utilized when making a decision using a single EP. In
fact, such risk measures cannot account for the full range of pos-
sible consequences. For instance, ct in Bonstrom and Corotis
(2015) andMahsuli and Haukaas (2013c) was selected on the upper
tail of the cost probability distribution, and thus represents extreme
events, such as severe earthquakes. As a result, any prioritization in
accordance with this risk measure neglects the low-cost segment of
the probability distribution, which bears significant risk because of
a high rate of occurrence. Third, the risk measure GðctÞ leads to
risk-averse decision making because ct was selected on the upper
tail. Hence, these measures lack the ability to prioritize buildings on
a risk-neutral basis. It is argued that when the consequences of de-
cisions are comprehensively accounted for, the expected cost,
which is the risk measure that is primarily employed here, serves
as the logical means of decision making. It is acknowledged, how-
ever, that when consequences like casualties, socioeconomic and
environmental impacts, and decline in life quality are not accounted
for, risk-neutral decisions shift toward a less safe design. To provide
an illustration, Fig. 1 shows a schematic plot of the expected total
cost against a decision variable, v. The decision variable may, for
instance, represent the lateral strength of a building. The counter-
acting contributions of the cost of consequences like damage and
the cost of retrofit make the expected total cost a convex function of
the decision variable. Hence, the expected total cost has a minimum
that is associated with an optimum strength, denoted by v�. Fig. 1
demonstrates two optimal values for strength: (1) v�1, which repre-
sents the optimal strength when only the direct economic conse-
quences, such as repair costs, are considered; and (2) v�2, which
represents the optimal strength when all possible consequences
are accounted for. As Fig. 1 shows, neglecting some of the conse-
quences leads to a lower optimal strength, i.e., a less safe design.
To accommodate risk-averse decision making in such conditions,
this paper employs higher moments of the cost probability distri-
bution as risk measures and studies the effect of risk aversion on
prioritization.

Retrofit Decision Variable (v)
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Sum of both 
contributions

v1*

Sum of both 
contributions

Contribution from the cost 
of all consequences
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cost of direct economic 
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Fig. 1. Reduction of the optimal decision variable, e.g., optimal build-
ing strength, when fewer consequences are considered
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Portfolio Risk Analysis

Reliability methods were employed to quantify risk. Any reliability
analysis consists of two main elements: random variables and limit-
state function(s). Random variables, collected in vector x, describe
the uncertainty in the problem, such as earthquake magnitude or
model error. The limit-state function, g, describes the event the
probability of which is sought. In this study, g reads

gðx; vÞ ¼ ct − cðx; vÞ ¼ ct −
XJ
j¼1

cjðx; vÞ ð1Þ

where v = vector of decision variables, which are at the discretion of
the decision maker; ct = cost threshold; cðx; vÞ = total costs of the
entire building portfolio; J = number of buildings; and cjðx; vÞ =
total cost of the jth building, which is in turn the sum of the repair
cost due to damage, cljðx; vÞ, and the construction cost due to retro-
fit, cojðx; vÞ. Reliability methods compute the probability that g
takes on negative values. Hence, a reliability analysis with the
limit-state function in Eq. (1) computes the probability that the total
costs of all J buildings exceed ct. The construction cost of retrofit is
evaluated by retrofit cost models based on the characteristics of the
building as well as the type and level of retrofit. The repair cost is
estimated by a chain of probabilistic models that include hazard
models as well as building response, damage, and repair cost mod-
els. New models were developed for the application of this paper to
predict these costs for masonry buildings. The models are presented
in the “Application” section.

The first-order reliability method (FORM) (Der Kiureghian
2005) along with the load combination method (Wen 1990) were
employed to compute the exceedance probability. When the chance
of coincidence of hazards is negligible, a limit-state function gi in
the form of Eq. (1) for each hazard i is defined. Reliability analysis
with this limit-state function yields the probability,Gi, that the total
cost of all buildings exceeds the threshold ct, given the occurrence
of an event of hazard i, as follows:

Gi ¼ Φð−βiÞ ð2Þ
where Φ = standard normal cumulative distribution function; and
βi = reliability index corresponding to gi. To compute Gi, FORM
evaluates the limit-state function, gi, and its gradient, ∂gi=∂x, sev-
eral times to find the design point. This point, denoted by x�, is the
most probable realization of x on the limit-state surface, gi ¼ 0, in
the space of standard normal variables. Given the occurrence rate λi
for hazard i, the rate of exceedance is λi · Gi. Considering all haz-
ards in the time period T, the load combination method computes
the probability, G, that the total cost of all buildings exceeds the
threshold ct, as follows:

G ¼ 1 − exp

�
−T ·

XN
i¼1

λi · Gi

�
ð3Þ

where N = number of hazards.
When the coincidence of two or more hazards entails a notice-

able chance, additional reliability analyses are conducted for prob-
able combinations of hazards. Given the exceedance probabilities
from these reliability analyses, G is computed as

G ¼ 1 − exp

�
−T ·

�XN
i¼1

λi · Gi þ
XN
i¼1

XN
j¼iþ1

λij · Gij

þ
XN
i¼1

XN
j¼iþ1

XN
k¼jþ1

λijk · Gijkþ · · ·

��
ð4Þ

where λij = rate of coincidence of hazards i and j; and Gij =
probability of cost exceedance under the coincidence of hazards
i and j. Variables λijk and Gijk represent similar values for the
coincidence of three hazards. To simplify future derivations, G
is hereafter considered in the format of Eq. (3), with the exception
that the dummy variable i in the said equation counts not only indi-
vidual hazards, but also probable hazard combinations.

In the application that is provided in this paper, all sources of
hazard are of seismic nature, i.e., they represent various sources of
seismicity. Because the chance of coincident events in different
seismic sources is slim, the coincidence of hazards is neglected
in the “Application” section to compute G. However, it is stressed
that the proposed sensitivity formulation and the prioritization
methodology are capable of accounting for multiple hazards of dif-
ferent nature, i.e., earthquake and windstorm, but the application in
this paper is seismic-oriented.

Prioritization Methodology

This study proposes the sensitivity of various moments of cost
probability distribution as a means of prioritizing a portfolio of
buildings for retrofit. The first moment, i.e., the expected cost,
is of particular importance because it is a longstanding tenet in de-
cision analysis and leads to risk-neutral decisions. Recall that the
sensitivity of the total expected cost of the entire portfolio with
respect to the construction cost of the jth building is employed
to rank that building. In short, 1 − ∂E½c�=∂coj serves as the metric
of ranking the jth building. The generalized form of this sensitivity
measure is 1 − ∂ðE½cn�Þ1=n=∂coj, where n is the order of the
moment. In particular, n > 1 represents a risk-averse attitude,
n ¼ 1 represents a risk-neutral attitude as explained previously, and
0 < n < 1 represents a risk-seeking attitude toward decision mak-
ing. In the following, the direct differentiation method is employed
to derive the formulas of computing this generalized sensitivity
measure. Thereafter, the formula for the specific yet important case
of n ¼ 1 is derived.

To compute ∂ðE½cn�Þ1=n=∂coj, the chain rule of differentiation is
employed

∂ðE½cn�Þ1=n
∂coj ¼ ∂ðE½cn�Þ1=n

∂E½cn� ·
∂E½cn�
∂coj ¼ 1

n
· ðE½cn�Þð1−nÞ=n · ∂E½c

n�
∂coj

ð5Þ

As a result, computation of Eq. (5) requires computing E½cn�
and ∂E½cn�=∂coj. The former is the nth moment of total cost of
portfolio, c, given by

E½cn� ¼
Z ∞
0

cnfðcÞdc ¼ −
Z ∞
0

cn
∂G
∂c dc ð6Þ

where fðcÞ = probability density function of cost. Integrating by
parts, it is extended to

E½cn� ¼ ½−cn · GðcÞ�j∞0 þ
Z ∞
0

ncn−1GðcÞdc ð7Þ

The first expression on the right-hand side is zero for c ¼ 0. As
c approaches infinity, the expression tends to zero because GðcÞ
decays exponentially with c for the usual cost distributions such
as the one in this paper. Therefore, the first expression on the
right-hand side is equal to zero, albeit for positive values of n,
which is the case here. Hence, Eq. (7) is simplified to
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E½cn� ¼
Z ∞
0

ncn−1GðcÞdc for n > 0 ð8Þ

which is readily computed because GðcÞ is available from the risk
analysis. To compute ∂E½cn�=∂coj, which is another factor in
Eq. (5), the two sides of Eq. (8) are differentiated with respect
to coj as follows:

∂E½cn�
∂coj ¼ ∂

∂coj
Z ∞
0

ncn−1GðcÞdc

¼
Z ∞
0

nðn − 1Þcn−2 ∂c
∂coj GðcÞdcþ

Z ∞
0

ncn−1 ∂GðcÞ∂coj dc

ð9Þ
Because c is the sum of retrofit costs and repair costs,

i.e., coj þ clj, for all buildings, the term ∂c=∂coj is equal to unity.
Therefore, Eq. (9) is simplified to

∂
∂coj

Z ∞
0

ncn−1GðcÞdc ¼
Z ∞
0

nðn − 1Þcn−2GðcÞdc

þ
Z ∞
0

ncn−1 ∂GðcÞ∂coj dc ð10Þ

The first term on the right-hand side may be simplified to
nE½cn−1� for n > 1, which eliminates the need to compute the in-
tegral. However, without loss of generality, one may compute the
first integral for n ≤ 1.

The second integral on the right-hand side of Eq. (9) depends on
the derivative of exceedance probability with respect to retrofit cost
of each structure, ∂G=∂coj. Using the chain rule of differentiation,
∂G=∂coj reads

∂GðcÞ
∂coj ¼

X
i

�∂GðcÞ
∂Gi

·
∂Gi

∂βi
·
∂βi

∂vj ·
∂vj
∂coj

�
ð11Þ

where the dummy variable i counts hazards and probable hazard
combinations; and vj = decision variable that describes the amount
of increase in lateral strength of the jth building due to retrofit. This
variable is an input to both the retrofit cost model and the repair cost
model. In fact, the retrofit cost increases with v. This increase is
counteracted by a reduction in the repair cost. The first and second
factors on the right-hand side of Eq. (11) are computed by differ-
entiating Eqs. (2) and (3), respectively

∂Gi

∂βi
¼ −φðβiÞ ð12Þ

∂G
∂Gi

¼ T · λi · exp

�
−T ·

XN
i¼1

λi · Gi

�
ð13Þ

where again the dummy variable i counts hazards and probable
hazard combinations; and φ = standard normal probability density
function. The third factor on the right-hand side of Eq. (11) is a
well-known reliability sensitivity measure obtained by differentiat-
ing the reliability index from FORM (Der Kiureghian 2005):

∂βi

∂vj ¼
1

kJ∇gik
·
∂gi
∂vj

����
x�

ð14Þ

where J = Jacobian matrix of the probability transformation from
the original space of random variables x to the standard normal
space. Eq. (14) is computed at the design point x�. The inverse
of the fourth factor is computed by differentiating the retrofit cost

model of the jth building with respect to decision variable vj. This
model and its functional form are presented in the next section.

Finally, the derivation for ensued risk measures yields

∂E½cn�
∂coj ¼ nE½cn−1� þ n

Z ∞
0

cn−1
XN
i¼1

�∂GðcÞ
∂Gi

·
∂Gi

∂βi
·
∂βi

∂vj ·
∂vj
∂coj

�
dc

ð15Þ
GðcÞ and ∂GðcÞ=∂coj are computed at a limited number of cost
thresholds c1; c2; : : : ; cK , each of which requires a load combina-
tion analysis as explained previously. Hence, the integral in
Eq. (15) is computed using quadrature at K points that are uni-
formly spaced at intervals of Δc, as follows:

∂E½cn�
∂coj ¼ nE½cn−1� þ n ·

Δc
2

�
cn−11 ·

∂Gðc1Þ
∂coj

þ cn−1K ·
∂GðcKÞ
∂coj þ 2

XK−1

k¼2

cn−1k ·
∂GðckÞ
∂co

�
ð16Þ

The risk-neutral measure ∂E½c�=∂coj, which is primarily em-
ployed in this paper, is a specific case where n is unity. In this case,
the first term in Eq. (10) vanishes, and thus ∂E½c�=∂coj reads

∂E½c�
∂coj ¼

Z ∞
0

XN
i¼1

�∂G
∂Gi

·
∂Gi

∂βi
·
∂βi

∂vj ·
∂vj
∂coj

�
dc ð17Þ

Using quadrature integration yields

∂E½c�
∂coj ¼ Δc

2

�∂Gðc1Þ
∂coj þ ∂GðcKÞ

∂coj þ 2
XK−1

k¼2

∂GðckÞ
∂coj

�
ð18Þ

Eq. (17) essentially shows that ∂E½c�=∂coj is equal to the area
underneath the ∂GðcÞ=∂coj curve.

Application

This section presents a comprehensive application of the proposed
prioritization methodology for a portfolio of masonry buildings in
Iran. Masonry construction exhibits one of the poorest seismic per-
formances among structural systems. However, low construction
cost has made such structures the majority of school buildings
in developing countries. Hence, these societies are faced with a
large inventory of masonry construction in need of retrofit with
limited resources.

The application features a portfolio of 114 school buildings
in the provinces of Qom and Markazi in central Iran that are sub-
ject to seismicity from 15 sources. Fig. 2 shows the location of
these buildings with bubbles as well as the geometry of seismic
sources with solid gray lines. These are the sources that fall within
a radius of 200 km of the building portfolio. No active seismic
sources are located on the south and the west of the portfolio
within this radius.

To better show the spatial distribution of the buildings, Fig. 3
zooms in on the provinces in which the buildings are located.
The numbers next to some of the locations in this figure indicate
the rank of the top 10 buildings, as will be explained subsequently.
To provide an overview of the information that is surveyed for this
building portfolio, Table 1 presents the data for 10 example build-
ings. In particular, the data available for each building include foot-
print area, number of stories, year erected, latitude and longitude,
an estimation of the mean value, type of masonry construction, type
of diaphragm (flexible or rigid), and whether or not the building is
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irregular in plan. Each building is categorized into two types of
masonry construction: unreinforced masonry (URM) and confined
masonry (CM). A CM structure, unlike URM, includes tie beams
and tie columns in its structural system.

The prerequisite to the use of the proposed prioritization meth-
odology for this portfolio is to quantify the seismic risk. To conduct
a portfolio risk analysis with FORM, the limit-state function of
Eq. (1) must be evaluated. This entails computing the seismic repair
cost and retrofit cost of each building. The proposed prioritization
methodology and the underlying sensitivity derivations are capable
of accounting for consequences other than damage, such as casu-
alties and downtime. For this purpose, one needs to add the costs
associated with those consequences to the summation in Eq. (1).
However, the scope of the application presented here is limited
to repair and retrofit costs. The repair cost depends on damage,
which in turn depends on the earthquake intensity, rupture location,
magnitude, and occurrence. Each of these phenomena is repre-
sented by a probabilistic model. In short, a chain of probabilistic
models is required to compute the limit-state function, and even-
tually the cost exceedance probabilities. This chain of models is
illustrated in Fig. 4. For brevity, the figure shows the models for
only two sources of hazards out of 15, and only two example build-
ings out of 114. Each box in the figure represents a probabilistic
model, and the symbols that enter models by arrows are the input
parameters. These parameters and their characteristics are intro-
duced in Table 2. The parameters that enter the models from the

left are responses from upstream models, and the ones that enter
from above are either random variables, decision variables, con-
stants, or location parameters, as indicated in Table 2. Fig. 4, in
fact, demonstrates the flow of information between the models.
In the following section, the probabilistic models in this figure
are explained in detail.

Probabilistic Models

The models in Fig. 4 may be categorized into three groups: (1) haz-
ard models, (2) damage and repair cost models, and (3) retrofit cost
models. This section addresses each of these groups, starting with
hazard models. For each source of seismicity, four models were
employed to make probabilistic predictions of the occurrence,
location, magnitude, and intensity of seismic events within that
source. The well-known Poisson point process was employed as
the occurrences models, and location and magnitude models were
adopted from Mahsuli and Haukaas (2013a). As for the intensity
models, four ground motion prediction equations from the
next-generation attenuation project (Power et al. 2008) were
employed as intensity models. Given the same inputs, these
equations produce different peak ground accelerations (PGAs)
due to the model uncertainty. To comprehensively account for
this epistemic uncertainty, the intensities that these models pro-
duce were combined by random weights, in accordance with
Rahimi et al. (2015). Parameters that define the geometry,
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Source 14

Source 10
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Map Data © 2016 Google

Fig. 2. Location of buildings under study and the seismic sources affecting them (map data © 2016 Google)
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uncertainties, occurrence rate, and other characteristics of the 15
seismic sources in this study were adopted from Rahimi et al.
(2015). In particular, the occurrence rate and the second moment
information of the maximum magnitude, Mmax, and Gutenberg-
Richter (Gutenberg and Richter 1944) parameter, b 0, of each

seismic source are tabulated in Table 3. The source numbers
are identified in Fig. 2.

Next, the Bayesian regression modeling approach (Box and
Tiao 1973; Gardoni et al. 2002) was employed to develop new
models for Groups 2 and 3, i.e., damage and repair cost models

° ° ° ° ° ° ° ° ° ° °

3

10
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5

4

1

6

7

8

9

°

°

°

°

°

°

°

°

°

11 km

Map Data © 2016 Google

Fig. 3. Zoomed-in map of the location of 114 school buildings; the numbers on the map distinguish the top 10 prioritized buildings based on mean
cost sensitivities (map data © 2016 Google)

Table 1. Information of 10 Example Buildings

Building Latitude (°N) Longitude (°E)
Footprint
area (m2)

Number
of stories

Year
erected

Mean value
(dollars)

Masonry
type

Plan
irregularity

Diaphragm
type

1 34.61 50.88 153 1 1996 152,500 URM Yes Rigid
2 34.62 50.88 213 1 1998 213,000 URM Yes Rigid
3 34.63 50.87 385 1 1985 385,000 URM Yes Flexible
4 34.67 50.87 580 1 1992 580,167 CM Yes Flexible
5 34.68 50.87 240 1 1992 240,233 CM Yes Flexible
6 34.60 50.88 641 2 1988 1,282,867 URM Yes Flexible
7 34.65 50.88 207 2 1980 413,000 CM Yes Flexible
8 34.63 50.89 557 2 1991 1,113,133 CM Yes Flexible
9 34.68 50.87 465 3 1989 1,395,000 URM Yes Flexible
10 34.68 50.87 450 3 1995 1,350,000 URM Yes Flexible
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Fig. 4. Chain of models and input parameters used in the application; parameters are introduced in Table 2

Table 2. Parameters Used in the Application

Symbol Description Parameter type Characteristics

Aj Building j floor area Constant Varies for each building
b 0
i Source i magnitude distribution parameter Random variable LNðμ; σÞ with μ and σ per Table 3

cai Building j retrofit cost per unit area Model response —
ccj Building j initial construction cost per unit area Constant $1,000=m2

clj Building j repair cost Model response —
coj Building j retrofit cost Model response —
crj Building j replacement cost per unit area Constant $1,300=m2

di Source i depth Model response Dependent random variable as a function of mi
per Kaklamanos et al. (2010)

Dj Diaphragm type of building j Constant Boolean, varies for each building
IPj Plan irregularity of building j Constant Boolean, varies for each building
Li Vector of source i coordinates Location Pairs of latitudes and longitudes
Lai Source i rupture location latitude Model response —
Loi Source i rupture location longitude Model response —
Ls Building location Location Pair of latitude and longitude, varies for each building
mi Seismic source i magnitude Model response —
Mj Masonry type of building j Constant Boolean, varies for each building
Mmax

i Source i maximum magnitude Random variable User-defined distribution with moments per Table 3
Mmin Minimum magnitude Constant 4.8
Nsj Number of stories of building j Constant 1–4, varies for each building
PGAj Peak ground acceleration at building j location Model response —
T Time span Constant 50 years
vj Increase in lateral strength of building j due to retrofit Decision variable 0
Vj Building j base shear coefficient Random variable N(0.12, 0.012)
VS Shear wave velocity Random variable U(760, 1,500) in meters per second for Site

Class B per ASCE (2010)
E Intraevent intensity model error Random variable N(0, 1)
εc Cost model error Random variable N(1, 0.1)
εd Damage model error Random variable N(0, σεd)
εr Retrofit cost model error Random variable N(0, σεr)
H Interevent intensity model error Random variable N(0, 1)
ηj Building j damage ratio Model response —
θd Vector of damage model parameters Random variable Six normal random variables per Talebiyan (2016)
θr Vector of retrofit cost model parameters Random variable Three normal random variables per Talebiyan (2016)
θmi Source i magnitude uncertainty Random variable N(0, 1)
θLi Source i location uncertainty Random variable U(0, 1)
λi Source i occurrence rate Constant Value according to Table 3
σεd Standard deviation of retrofit cost model error Random variable Normal random variable per Talebiyan (2016)
σεr Standard deviation of damage model error Random variable Normal random variable per Talebiyan (2016)

Note: Nðμ; σÞ and LNðμ;σÞ denote normal and lognormal distributions with mean μ and standard deviation σ, respectively; Uða; bÞ denotes a uniform
distribution between a and b.
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and retrofit cost models. This approach relies both on mechanics
and observed data. Using this approach enables the models to
explicitly account for the uncertainty in the model parameters
and the model error. In effect, Bayesian regression analysis deter-
mines the probability distribution of model parameters, which was
updated as new data emerge. The general model form in this ap-
proach was

y ¼ θ1 · h1ðxÞ þ θ2 · h2ðxÞþ · · · þθi · hiðxÞ þ ε ð19Þ

where y = model response; ϑi = model parameters; hiðxÞ =
explanatory variables; and ε = model error. The ϑ parameters
are random variables whose distributions are obtained from the
Bayesian linear regression analysis. The model error is a normal
random variable with a zero mean and a standard deviation of
σε. The latter is another random variable whose properties are de-
termined by the Bayesian regression. In contrast, the explanatory
variables of the model are determined by the mechanics of the prob-
lem. In the damage model, for instance, these are the variables that
are deemed to affect the damage of buildings subject to earthquake.
The damage model, repair cost model, and retrofit cost models are
briefly introduced in the following.

Damage and repair cost models predict the seismic damage due
to earthquake and its ensuing repair cost for a single building based
on the characteristics of the building and the seismic intensity. The
damage model predicts a damage ratio, defined as the cost of re-
pairing the structural and nonstructural components divided by the
cost of replacing the building. To conduct the regression analysis,
damage ratios were generated for various sets of building character-
istic and at different intensities using damage fragility curves pro-
posed by Rota et al. (2008). These curves were developed based on
the damage observed in 130,000 buildings that had been surveyed
after earthquakes in Italy over three decades. These curves were
chosen in this study because Italian masonry construction is similar
to that of Iran. The data points employed to develop the damage
model were extracted from these curves. Each data point includes
plan irregularity, floor flexibility, number of stories, height, funda-
mental period, masonry type, PGA, base shear coefficient, and
damage ratio [see Talebiyan (2016) for further details]. Based
on this data set, 22 candidate model forms were developed and ex-
amined in terms of the prediction quality, heteroscedasticity, and
normality of errors. Consequently, the functional form that best
describes the data is known to be

Φ−1ðηÞ ¼ θ1 · M þ θ2 · IP − θ3 · Dþ θ4 · Ns

þ θ5 · lnðPGAÞ − θ6 · Φ½ð1þ vÞ · V� þ ε ð20Þ

where η = damage ratio; M = masonry type, which is zero for CM
and unity for URM; IP = plan irregularity, which is unity if
the building has a nonrectangular plan and zero otherwise; D =
diaphragm type, which is zero for flexible diaphragms and unity
for the rigid ones; Ns = number of stories; v = increase in lateral
strength due to retrofit; and V = base shear coefficient that repre-
sents the current lateral strength. In fact, v ¼ 0 indicates the current
state of the building, while v ¼ 1 means a 100% increase in the
lateral strength. As mentioned previously, the characteristics of
the ϑ parameters and model error, ε, are determined by Bayesian
regression. Talebiyan (2016) gives the second moment information
of these parameters, including mean, standard deviation, and cor-
relation coefficient.

As Eq. (20) shows, the model correctly captured the increase in
damage with PGA through the positive sign of ϑ5, and the reduc-
tion in damage with the building strength, ð1þ vÞ · V, through the
negative sign of ϑ6. Hence, the damage and the ensuing repair cost
was reduced by increasing v, i.e., strengthening the building
through retrofit. These trends are illustrated in Fig. 5, which depicts
the mean damage ratio predicted by Eq. (20) against PGA for dif-
ferent values of v. Given the damage ratio, repair cost is readily
computed as follows:

cl ¼ η · cr · A · εc ð21Þ
where cr = replacement cost per unit area; A = total floor area; and
εc = model error.

The other group of model addressed here are the retrofit cost
models. In a significant effort, a database of real-world data was
compiled in this study to calibrate these models. In particular,
the cost information of 98 retrofit projects on masonry school build-
ings in Iran were collected. For each building, the cost of applying
shotcrete to strengthen the building along with the characteristics of
the building were recorded. This method of retrofit entails anchor-
ing a mesh of steel wires to the masonry wall followed by covering it
with a thin layer of concrete. Among 46 candidate models that were
inspected for prediction quality, heteroscedasticity, and normality of
errors, the functional form that best describes the observations is

lnðca=ccÞ ¼ −θ1 þ θ2 · A − θ3 · Dþ θ4 · M

− θ5 · cc þ θ6 · tan−1ðvÞ þ ε ð22Þ

where ca = retrofit cost per unit area; and cc = initial construction
cost per unit area. The normalization of ca to cc eliminates the need

Table 3. Seismicity Parameters of Seismic Sources

Source

Mmax b 0

λ (per year)Mean
Standard
deviation Mean

Standard
deviation

1 6.61 1.11 1.7420 0.2090 0.0357
2 7.64 1.02 1.3520 0.0010 0.0268
3 8.23 0.62 1.5760 0.0883 0.0712
4 6.02 0.54 1.2260 0.3310 0.0803
5 7.73 0.95 1.6660 0.1016 0.0357
6 7.17 0.83 0.7450 0.1565 0.0624
7 8.09 0.75 0.4620 0.0010 0.0178
8 7.72 0.98 1.5270 0.0010 0.0445
9 7.77 0.96 3.6620 0.0010 0.0268
10 5.40 0.48 1.6420 0.4483 0.0357
11 6.84 0.90 2.8290 0.3763 0.0891
12 6.79 0.86 0.6440 0.0753 0.0357
13 8.09 0.70 1.5000 0.1125 0.0982
14 8.06 0.30 1.3410 0.1140 0.2675
15 7.82 0.75 1.9920 0.2311 0.1336

0
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Fig. 5. Damage ratio versus PGA for different values of v for M ¼ 0,
IP ¼ 1, D ¼ 0, Ns ¼ 1, and V ¼ 0.3
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to develop different models for different geographical locations be-
cause that dependency is captured by cc. Compared with models in
the literature (FEMA 1994; Hopkins and Stuart 2003; Jafarzadeh
et al. 2014; Potangaroa 1985), this model has the advantage of pre-
dicting the retrofit cost for a given level of retrofit v, and accounts
for model uncertainty through the randomness of model parameters.
Given lnðca=ccÞ, the total retrofit cost, co, is computed by

co ¼ exp½lnðca=ccÞ� · cc · A · εc ð23Þ
Fig. 6 depicts the ratio of mean ca=cc versus v for different types

of masonry structures and diaphragm rigidities. As seen, the retrofit
cost has an intercept, i.e., a fixed cost, that is mainly the cost of
mobilization and setting up the construction site, among other
things. Moreover, Fig. 6 shows that URM structures are more ex-
pensive to retrofit than CM structures, which is logical because
URMs lack any confining element while CMs include tie beams
and tie columns. Furthermore, Fig. 6 indicates that structures with
flexible diaphragms need more investment for the same level of
retrofit than those with rigid diaphragms. This is because of the
superior seismic performance of rigid diaphragms in masonry
structures compared with the flexible ones.

According to Fig. 6, the model correctly captures the increase in
retrofit cost with v, as indicated by the positive sign of ϑ6 in
Eq. (22). On the other hand, increasing v reduces the damage and
ensuing repair costs, as was previously seen in the repair cost
model. This reduction is, in fact, the return of the investment on
retrofit. The idea behind the proposed methodology is to prioritize
the buildings that yield a greater return per dollar investment.

Each of the 114 buildings in this study was modeled with a dam-
age model, a repair cost model, and a retrofit cost model that was
presented previously. A total of 1,142 model instances, 424 random
variables, and 114 decision variables, collected in vector v, were
employed in this study. As described previously, Fig. 4 shows
the flow of information between the models. These models are
implemented in Rt, which is a computer program for multimodel
reliability and optimization analysis. Rt was developed by Mahsuli
and Haukaas (Mahsuli and Haukaas 2012; Mahsuli 2012), and is
freely available online. The object-oriented architecture of Rt facil-
itates the steady growth of its probabilistic model library and analy-
sis tools.

Portfolio Risk Analysis Results

This section presents the results of risk analysis on the portfolio of
114 school buildings in this study. Fig. 7 shows the cost exceedance
probability curve that is computed in the current state of buildings
denoted by v ¼ 0, i.e., when no retrofit is made. The time period T

was set to 50 years. As a result, c in the abscissa represents the
maximum repair cost of the entire portfolio over the next 50 years.
To put the costs into perspective, the mean total replacement cost of
the portfolio is estimated at $76 million. The ordinate in Fig. 7
presents the exceedance probability of cost, GðcÞ. The hollow
circles in Fig. 7 illustrate the cost thresholds, i.e., ct in Eq. (1),
for which the load combination analysis was conducted. For in-
stance, the probability of exceeding ct ¼ $33 million over the next
50 years is 0.05. This cost threshold is equal to 44% of the mean
portfolio replacement cost and is highlighted in Fig. 7 by a rela-
tively larger hollow circle.

Prioritization Results

In this section, the 114 school buildings in central Iran are ranked
for seismic retrofit in accordance with the proposed methodology.
For this purpose, the sensitivity measure 1 − ∂E½c�=∂coj was com-
puted for each building in its current state. Fig. 8 illustrates this
sensitivity measure as a bar at the location of each building. Each
bar is depicted and colored based on the relative values of the said
sensitivity measure. The legend in the figure provides the sensitiv-
ity value associated with each color. The higher and darker the bar,
the more critical is the building for retrofit.

The top 10 buildings along with their respective sensitivity
measures are presented in Table 4. As seen, all values of 1 −
∂E½c�=∂coj are greater than zero because according to the per unit
money spent on retrofit, there will be some savings due to the re-
duction of the repair cost. Table 4 also shows that even for buildings
with the highest priority, the value of 1 − ∂E½c�=∂coj is less
than unity, meaning the investment is not fully returned. This value
would go beyond unity if more consequences, such as casualties
and downtime, were modeled. In this case, spending on retrofit
would bring about a greater reduction of losses because of fewer
casualties and shorter downtimes.

Fig. 3 locates the top 10 buildings on the map. It shows that they
are mostly located in the northern part of the region. This is because
the seismic sources are mainly located on the north of this region
as demonstrated in Fig. 2. Therefore, the buildings in the north
experience the highest earthquakes intensities, which bring about
severe damages.

Table 4 helps to understand the characteristics of the prioritized
buildings. The table shows that all of the top 10 buildings are URM
and have flexible diaphragms. This trend is conspicuously seen
across the entire portfolio in Fig. 9, which illustrates the sensitiv-
ities versus the rank for all buildings. Different colors in Fig. 9(a)
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different values of masonry types, M, and diaphragm types, D

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 5 10 15 20 25 30 35 40 45

E
xc

ee
da

nc
e 

Pr
ob

ab
ili

ty
, 

G
(c

)

c [million $]

Fig. 7. Cost exceedance probability curve for the portfolio of 114
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indicate different masonry types, and in Fig. 9(b) they indicate dif-
ferent diaphragm types. As seen in Fig. 9(a), URMs have a higher
priority for retrofit. The same observation is made for structures
with flexible diaphragms in Fig. 9(b). These observations are in
agreement with the expectation that URM buildings, as well as
the ones with flexible diaphragms, are generally more vulnerable,
and thus take precedence in retrofit schemes.

Fig. 9(c) depicts sensitivities versus ranks in the same format but
in different colors that represent the buildings in the following three
regions: Qom City, Qom Suburbs, and Markazi Province. The fig-
ure shows that that none of the regions dominate the top priorities.
It suggests that there should be no preference between regions for
the allocation of the retrofit budget. The reason is that these regions
have similar construction methods and similar suppliers of con-
struction materials due to their close proximity.

In addition to the mean cost sensitivity that provides a basis
for risk-neutral ranking of the buildings, sensitivities of the higher
moments of cost probability distribution were suggested for priori-
tization under risk-aversion. The ranking of the portfolio is
expected to change when the attitude toward decision making
alters. Figs. 10(a and b) show the ranking of all buildings based
on 1 − ∂E½c�=∂coj in the abscissa versus the ranking based on
1 − ∂ðpE½c2�Þ=∂coj and ∂ðE½c5�Þ1=5=∂coj in the ordinate, respec-
tively. The figures indicate that the change in the risk attitude of the
decision maker indeed modifies the ranking. The variation of the
ranking is slight between the first and the second moments, and

significant between the first and the fifth moments. The variation
arises for buildings whose cost probability distribution has a heavy
upper tail, i.e., buildings with a significant probability density for
high costs. For such buildings, higher moments of cost distribution
yield a significant risk measure, and consequently elevate the
position of the building in the ranking. As a result, a risk-averse
decision maker ensures that these buildings remain a high priority
for retrofit and avoids confronting high losses in the aftermath of an
impending earthquake. The more risk-averse the decision maker is,
the higher is the chance that such buildings are promoted in the
ranking. The order of the statistical moment to be used is deter-
mined by the degree of risk aversion of the decision maker, for
instance, through the notion of the “basic reference lottery ticket
question” (Jordaan 2005).

Fig. 8. Ranking of the 114 school buildings in central Iran for seismic retrofit using mean cost sensitivities (image © 2016 Basarsoft; © 2016 Google)

0.4

0.5

0.6

0.7

0.8

0 10 20 30 40 50 60 70 80 90 100 110

1−
E

[c
]/

c o
j

Rank

Qom City Qom Suburbs Markazi Province

0.4

0.5

0.6

0.7

0.8

0 10 20 30 40 50 60 70 80 90 100 110

1−
E

[c
]/

c o
j

Rigid Flexible

0.4

0.5

0.6

0.7

0.8

0 10 20 30 40 50 60 70 80 90 100 110
1−

E
[c

]/
c o

j

CM URM

(a)

(b)

(c)

Fig. 9. Comparison of the mean cost sensitivities versus the rank of
buildings between (a) URMs and CMs; (b) flexible and rigid dia-
phragms; (c) different regions

Table 4. Top 10 Prioritized Buildings Based on Mean Cost Sensitivities

Rank Building
Footprint
area (m2)

Number
of stories

Masonry
type

Diaphragm
type 1 − ∂E½c�=∂coj

1 101 84 1 URM Flexible 0.759
2 2 59 1 URM Flexible 0.757
3 115 52 1 URM Flexible 0.756
4 112 127 1 URM Flexible 0.750
5 5 60 1 URM Flexible 0.740
6 62 260 3 URM Flexible 0.738
7 98 87 1 URM Flexible 0.737
8 63 285 3 URM Flexible 0.731
9 93 375 1 URM Flexible 0.731
10 102 386 1 URM Flexible 0.730
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Concluding Remarks

This paper employed reliability and sensitivity analysis methods to
address the all-important problem of allocating limited resources
for regional risk mitigation. For optimal resource allocation, a port-
folio of buildings within the region must be prioritized for seismic
retrofit. The rationale behind the proposed solution is that invest-
ment must be made where the most return is expected, which
here translates to the most reduction in the regional loss per dollar
spent on the retrofit of each building. A dimensionless sensitivity
measure was formulated using the derivative of the expected
regional cost with respect to the retrofit cost of each building. This
measure reveals the rate of savings in the repair costs of the entire
portfolio when each building is retrofitted. To provide flexibility for
prioritization under risk aversion, measures for the sensitivity of
higher moments of the regional cost probability distribution were
proposed. Thereafter, the effect of the degree of risk aversion on the
prioritization was studied. This paper employed direct differentia-
tion method to derive closed-form relationships of the proposed
sensitivity measures. The proposed measures were showcased in
a comprehensive application to prioritize a portfolio of 114 ma-
sonry school buildings in Iran for seismic retrofit. To conduct such
an analysis, new models were developed for probabilistic predic-
tion of the seismic repair cost and retrofit cost of masonry buildings
that were calibrated to observed data. The resulting rankings gave
unreinforced masonry buildings precedence over confined masonry
buildings. Also, structures with flexible diaphragms were priori-
tized over the ones with rigid diaphragms. The results are in line
with observations in past earthquakes owing to the fact that the
underlying cost models were calibrated to such observations.

The proposed sensitivity measures have the potential to address
more complex problems. For instance, they can be developed to
prioritize the components of any infrastructure for rehabilitation.
The measures are also capable of accounting for any interdependen-
cies between infrastructure components because they are based
on the total infrastructure cost. Hence, the fact that rehabilitating a
single component may enhance the performance of other inter-
dependent components is captured by these measures. Finally, the
derivation of the sensitivities in this paper features multiple hazards
and their possible coincidence, which provides themwith the poten-
tial to address multihazard problems, e.g., when the infrastructure is
subject to earthquakes, floods, hurricanes, and so on in its lifetime.
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