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Moment Curvature and Force Elongation Relations in 
 Axial-Flexural Members: 
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Example: Rectangular Cross Section With 
 Elastic Perfectly Plastic Material: 
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Example: Rectangular Cross Section With 
 Elastic Perfectly Plastic Material: 
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Example: Rectangular Cross Section With 
 Elastic Perfectly Plastic Material (continue …): 

ε

σ

o

0σ

1
E

0σ

Plastic Limit: 

∫=
A

dAzzM )(σ ( ) ( ) ( ) ( ) 



 −+++−=

4
1

2
1

4
1

2
10

hhhhbM ηηηησ

( )2
2

0 1
4

ησ
−=

bhM ( )2
0 1 η−= MM

∫=
A

dAzN )(σ ( ) ( ) 



 −−+=

2
1

2
10

hhbN ηησ
ησ bhN 0=

z

y h

b

0σ

Limit
Elastic

0σ

Region
PlasticElasto −

( ) 2/1 hη−
0σ

Limit
Plastic

NM

0σ

2/hη
2/hhζ

2/hλ

0σ

η0NN =

0

2

4
Wbh

= 000 MW =σ



2/11/2013 
6 

Example: Rectangular Cross Section With 
 Elastic Perfectly Plastic Material (continue …): 
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Example: Rectangular Cross Section With 
 Elastic Perfectly Plastic Material (continue …): 
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Example: Rectangular Cross Section With 
 Elastic Perfectly Plastic Material (continue …): 

Elasto-Plastic Region: 
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Example: Rectangular Cross Section With 
 Elastic Perfectly Plastic Material (continue …): 
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Example: Rectangular Cross Section With 
 Elastic Perfectly Plastic Material (continue …): 
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Expanded Plastic zone: 
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Expanded Plastic zone: 
Example) Rectangular Cross Section Beam 
With Elastic Perfectly Plastic Material: 
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Expanded Plastic zone: 
Example) Rectangular Cross Section Beam 
 With Elastic Perfectly Plastic Material: 

Plastic Limit : 

1

4

4
2

0

0
2

0

0

=







+

bh
F

bh

LF

σσ


















++−

=
2

42

2

00
h
L

h
L

bhF σ

( )12
00 ++−= γγNF

1
2

00

=







+

N
N

M
M

01
0

0

2

0

0 =−







+








bh

F
h
L

bh
F

σσ



2/11/2013 
14 

Expanded Plastic zone: 
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Plastic Limit of General Cross Section With 
 Elastic Perfectly Plastic Material: 
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Plastic Limit of General Cross Section With 
 Elastic Perfectly Plastic Material (continue…): 
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Plastic Limit of General Cross Section With 
 Elastic Perfectly Plastic Material (continue…): 
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Rigid-Perfectly Plastic: 
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Incremental Analysis for Beam-Columns: 
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Hardening Parameters 
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Isotropic Hardening: 
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Linear Isotropic Strain Hardening: 
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Kinematic Hardening: 
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Linear Kinematic Hardening: 
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Mixed Hardening: 
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Mixed Linear Hardening 

ε

σ

o
1

E

1
H

1
C

0
Yσ

( )p
Y εσ

( )pεα

HE
EHEp −

=

( ) ( )p
Yp

ConditionYield

εσεασ =−

:

( ) ppp C εεα =

( ) ( ) p
pPY

p
Y CE εσεσ −+= 0

CE
ECCp −

=



2/11/2013 
33 

Multi-linear Stress Strain Relations 
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Loading – Unloading Criteria for Elastic Perfectly Plastic Behavior 
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Loading – Unloading Criteria for Elastic Hardening Plasticity 
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Loading – Unloading Criteria for Elastic Softening Plasticity 
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Elastic Predictor – Plastic Corrector for Elastic Perfectly Plastic Behavior 
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Elastic Predictor – Plastic Corrector for Elastic Hardening Plasticity 
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Elastic Predictor – Plastic Corrector for Elastic Softening Plasticity 
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Nonlinear Analysis 
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Simple Incremental Method 
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Newton-Raphson Incremental Method 
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Disadvantage of Newton-Raphson Incremental Method: 

- A new stiffness matrix has to be formed and solved for each sub-step. 

- At some cases, as non-associated plasticity, the stiffness matrix becomes 
   non-symmetric and then non-symmetric solvers are required. 
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Modified Newton-Raphson Incremental Method 
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Line Search Procedure for Acceleration of Convergence 
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Displacement Control Incremental 
 Method 
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Displacement Control Incremental Method (continue…) 
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Arc Length Control Method 
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Arc Length Control Method (continue…) 
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Work Control Method 
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Work Control Method (continue…) 
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