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Limit Analysis, 

Kinematic Approach, Example: 
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-The truss is statically indeterminate to the first degree and so  

collapse occurred if two bars yield, at least. 
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Limit Analysis, Kinematic Approach  

 Example, continue…: 
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-Alternative 1 using the equilibrium equations: 

 Bars 2 and 3 yield and bar 1 remains elastic. 

-During collapse, the length of the elastic bars and  

the axial force of the Plastic bars remain constant. 
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This mechanism 

 is impossible. 
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Limit Analysis, Kinematic Approach 

Example, continue…: 
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-Alternative 2 using the principle of virtual work: 

 Bars 1 and 3 yield and bar 2 remains elastic. 
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-Alternative 3 using the principle of 

  energy conservation: 

 Bars 1 and 2 yield and bar 3 remains elastic. 
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This is the true mechanism. 
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Limit Analysis, Kinematic Approach 

Example, continue…: 

vFeSeSeS   332211
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F

L8.1 L2.3

L4.2
1 2 3

o-Alternative 1: 
0667.2 SF 

This is the true mechanism. 

Limit Analysis, Kinematic Approach 

Example, continue…: 

-Alternative 2: F

-Alternative 3: 
025.2 SF 

-Upper bound theorem: All of the external forces resulted from any  

 potential mechanisms are grater than or equal to actual collapse force. 
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Limit Analysis, 

Static Approach, Example: 
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-The condition of plastic admissibility. 
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-The truss has two degree of freedom. 
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Limit Analysis, 

Static Approach, Example, continue…: 
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-Lower bound theorem: All of the external forces resulted from  

  any statically plastic admissible internal forces, i.e.  

  ,are lower than or equal to actual collapse force. 
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Limit Analysis, Kinematic Approach 

Example: 

-The truss is statically indeterminate to first degree and so  

collapse occurred if two bars yield, at least. 

-Number of potential mechanisms:  
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Limit Analysis, Kinematic Approach  

 Example, continue…: 

F

L8.1 L2.3

L4.2
1 2 3

o08.06.01  vue 

-Alternative 1: Bars 2 and 3 have yield,  
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Limit Analysis, Kinematic Approach  

 Example, continue…: 

F
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-Alternative 2: Bars 1 and 3 have yield,  

but bar 2 is elastic. 
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Limit Analysis, Kinematic Approach  

 Example, continue…: 
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-Alternative 3: bars 1 and 2 have yield,  

but bar 3 is elastic. 
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-Alternative 1: 
02932.1 SF 

This is the true mechanism. 

Limit Analysis, Kinematic Approach 

Example, continue…: 

-Alternative 2: 232.1F

-Alternative 3: 
02768.1 SF 
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Limit Analysis, Static Approach 

Example: 
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-The truss has two degree of freedom. 
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Limit Analysis, Static Approach 

Example, continue…: 
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Limit Analysis, 

Kinematic Approach, Example: 
F
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-The truss is statically indeterminate to 

 the first degree and so collapse occurred 

 if two bars yield, at least. 

-Number of potential mechanisms:  
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Limit Analysis, 

Kinematic Approach, Example, continue…: 
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Limit Analysis, 

Kinematic Approach, Example, continue…: 
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Limit Analysis, 

Kinematic Approach, Example, continue…: 
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 mechanisms having positive external power:  
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Limit Analysis, 

Kinematic Approach, Example, continue…: 
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Limit Analysis, 

Kinematic Approach, Example: 
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-The truss is three degree statically 

  indeterminate, but partial collapse 

 can occurred if two bars yield. 
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Diagonal bars: ‘d’ 

The other bars: ‘b’ 
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Limit Analysis, Kinematic Approach, 

Example, continue…: 

-One of the kinematically admissible 

 mechanisms having positive 

 external power :  
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Limit Analysis, Kinematic Approach, 

Example, continue…: 

These axial forces comply with plastically admissible condition.  
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Limit Analysis in Frames, 

Kinematic Approach, Example: 

F D

L

A

B

C

L2

F2

L
E

M

o

0M

Perfectly Plastic Behavior

-The frame is statically indeterminate to the second degree and has four  

  critical sections as B, C, D and E, so collapse occurred if the three 

  hinges are inserted in these sections. 

-Number of potential mechanisms:  
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Limit Analysis in Frames, 

Kinematic Approach, Example, continue…: 

-The potential mechanisms:  
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Limit Analysis in Frames, 

Kinematic Approach, Example, continue…: 

-Alternative 1:  
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Limit Analysis in Frames, 

Kinematic Approach, Example, continue…: 

-Alternative 3:  

extWD int

)(2)2()()2()2( 000 LFLFMMM   

L

M
F 025.1


-Alternative 4:  
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-Alternative 1: 
L

M
F 02


This is the true mechanism. 

Limit Analysis, Kinematic Approach 

Example, continue…: 

-Alternative 2: 
L
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

-Alternative 3: 
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-Alternative 4: F
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Limit Analysis in Frames, 

Static Approach, Example: 
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Perfectly Plastic Behavior

-The frame has two degree of freedom. 
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-Equilibrium equations using virtual work: 
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Limit Analysis in Frames, 

Static Approach, Example, continue…: 
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Limit Analysis in Frames, 

Static Approach, Example, continue…: 
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-The condition of plastic admissibility. 
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Limit Analysis in Frames, 

Static Approach, Example, continue…: 
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Limit Analysis in Frames, 

Kinematic Approach, Example: 

F
D
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xL 2
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0M

Perfectly Plastic Behavior

-The frame is statically indeterminate to the second degree and has four  

  critical sections as B, C, D and E, so collapse occurred if the three  

  hinges are inserted in these sections. 

-Number of potential mechanisms:  
 
  

4
!1!3

!4

3

4












15-Apr-12 

34 

Limit Analysis in Frames, 

Kinematic Approach, Example, continue…: 

-The potential mechanisms:  
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Limit Analysis in Frames, 

Kinematic Approach, Example, continue…: 

-Alternative 1:  
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Limit Analysis in Frames, 

Kinematic Approach, Example, continue…: 

-Alternative 2:  

extWD int

)2()()()( 000 LFMMM   
L

M
Fk

05.1


F
D

L2

A

B

C

L2

E



LF /





15-Apr-12 

37 

Limit Analysis in Frames, 

Kinematic Approach, Example, continue…: 

-Alternative 3:  

extWD int

2

)2)((
)/()2()()

2
()

2
( 000

Lx
LFLFM

xL

x
M

xL

x
M





 






















xL

x

xL

M
F

2

2
3

2

0

0
dx

dF
0

)4(

2124
222

222






xL

xLxxL

22

0

4

)6(

xL

xLM
F






Lx 343.0 L

M
Fk

0457.1


F

D

x

A

B

C

L2

xL 2
E

 

xL

x

2




LF /



15-Apr-12 

38 

Limit Analysis in Frames, 

Kinematic Approach, Example, continue…: 

-Alternative 4:  
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-Alternative 1: 
L

M
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

This is the true mechanism. 

Limit Analysis, Kinematic Approach 

Example, continue…: 

-Alternative 2: 
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-Alternative 4 is impossible. 
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Elementary and Combined Mechanisms: 

-Some of the mechanisms, among all the potential mechanisms,  

  are elementary and the others are combined. 

- The elementary mechanisms have two following properties: 

1) No elementary mechanism can be obtained as a linear combination 

       of the others. 

2) Any potential mechanism can be obtained as a linear combination 

       of the elementary ones. 

- The number of elementary mechanisms : n 

- The number of critical sections or the number of bars : m 

- The degree of static redundancy : s 

n = m - s 
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Elementary and Combined Mechanisms, Example: 

- The number of elementary mechanisms : n=4-2=2 

- The number of critical sections: m=4 

- The degree of static redundancy: s=2 
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- The elementary mechanisms: 
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Elementary and Combined Mechanisms, 

 Example, continue…: 
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- The combined mechanisms: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example: 

F2
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L
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F2
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HF G

02M

0M

- The number of elementary mechanisms : n=13-5=8 

- The number of critical sections: m=13 

- The degree of static redundancy: s=5 

First Approach: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 
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- The number of elementary mechanisms : n=11-5=6 

- The number of critical sections: m=11 

- The degree of static redundancy: s=5 

Second Approach: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 
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The six elementary mechanisms: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

The six elementary mechanisms, continue…: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

The six elementary mechanisms, continue…: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

The most critical mechanism among elementary mechanisms: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

The combined mechanisms: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

The combined mechanisms: 

- = F2 D

L

A

B

C

L2

F6

L
E

F2
F3

L2

HF G

02M

0M

7

L

M
Fk

8

7 0

F2

D

L

A

B C

L2

F6

L
E

F2
F3

L2

HF G

02M

0M

Joint mechanism

5

kF

F2 D

L

A

B

C

L2

F6

L
E

F2
F3

L2

HF G

02M

0M

8

L

M
Fk

16

11 0



15-Apr-12 

51 

Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

The combined mechanisms: 

+ = F2 D
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

The combined mechanisms: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

The combined mechanisms: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

The most critical mechanism among all of the examined mechanisms: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 
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-Equilibrium equations using virtual work: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

)2(2)2(3)1()1()1( 0 LFLFMMM DBBB 

11

49 0M
MM DBBB 

-Equilibrium equations using virtual work, continue…: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

-Equilibrium equations using virtual work, continue…: 
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 is impossible. 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

The combined mechanisms: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

D

L

A

B C

L2

L
E

L2

HF G

1

Panel mechanism

)2(3)1()1()1()1( 00 LFMMMM DTBT 

0MMM DTBT 

-Equilibrium equations using virtual work: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

)2(2)2(3)1(2)1()1( 0 LFLFMMM DBBB 

03MMM DBBB 

-Equilibrium equations using virtual work, continue…: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

-Equilibrium equations using virtual work, continue…: 

)(6)1(2)2()1(2 00 LFMMM C 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

-Equilibrium equations using virtual work, continue…: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

0)1()1(2)1( 0  BBBT MMM

02MMM BBBT 

-Equilibrium equations using virtual work: 

F2 D

L

A

B

C

L2

F6

L
E

F2
F3

L2

HF
G

02M

0M

11

L

M
Fk

2

0

D

L

A

B C

L2

L
E

L2

HF G

02M

0M

Joint mechanism

5



15-Apr-12 

64 

Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 

0)1()1(2)1( 0  DBDT MMM

02MMM DBDT 

-Equilibrium equations using virtual work: 
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Limit Analysis in Frames, 

, Kinematic Approach, Example, continue…: 




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
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
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


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-Equilibrium equations: 
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Displacement at Incipient Collapse 

 in Limit Analysis, Example: 
F

L

L
7

5
.
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D
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-The actual collapse mechanism of the truss: 
00 6.1 SF 

L

1

2

3

A

4
5

B
C

D

?u

Alternative 1: Suppose that bar 3 yields last. 

Then at incipient collapse bar 3 is elastic yet. 
00 6.1 SF 
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4 5
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Displacement at Incipient Collapse 

 in Limit Analysis, Example, continue…: 

L
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2

3

A

4

5

B
C

D

?u

Both of equilibrium and  

compatibility is needed. 

Actual

 displacement:
00 6.1 SF 

-Defining the displacement u using 

  virtual work: 
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Displacement at Incipient Collapse 

 in Limit Analysis, Example, continue…: 

-Define the displacement u 

 using virtual work, continue…: 
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L
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D

Only equilibrium 

between internal and 

external forces is 

needed.

Virtual

  forces:
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

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
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Displacement at Incipient Collapse 

 in Limit Analysis, Example, continue…: 

-Define the displacement w 

 using virtual work, continue…: 
1

L
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Only equilibrium 

between internal and 

external forces is 

needed.

Virtual

  forces:
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This is 

impossible. 
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Displacement at Incipient Collapse 

 in Limit Analysis, Example, continue…: 

-The actual collapse mechanism of the truss: 
00 6.1 SF 

L

1

2

3

A

4
5

B C

D

?u

Alternative 2: Suppose that bar 4 yields last. 

Then at incipient collapse bar 4 is elastic yet. 
00 6.1 SF 
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Displacement at Incipient Collapse 

 in Limit Analysis, Example, continue…: 

L
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Both of equilibrium and  

compatibility is needed. 

Actual

 displacement:
00 6.1 SF 

-Defining the displacement u using 

  virtual work: 
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Displacement at Incipient Collapse 

 in Limit Analysis, Example, continue…: 

-Define the displacement u 

 using virtual work, continue…: 

1

L
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A
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D

Only equilibrium 

between internal and 

external forces is 

needed.

Virtual

  forces:



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Displacement at Incipient Collapse 

 in Limit Analysis, Example, continue…: 

-Define the displacement w 

 using virtual work, continue…: 
1

L

1
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A
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B C

D

Only equilibrium 

between internal and 

external forces is 

needed.

Virtual

  forces:

w
























0

0

0

0

1

5

4

3

2

1

S

S

supposeS

S

S










 
i

ii eSw 1

EA

LS
w 045.011 

EA

LS
w 045.0

wue 6.08.03 











EA

LS

EA

LS
e 00

3 45.06.07.28.0
EA

LS
e 0

3 89.1
EA

LS
ee e

0max

,33 25.1

This is the true  

condition. 
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Displacement at Incipient Collapse 

 in Limit Analysis, Example, continue…: 

-The actual collapse mechanism of the truss: 
00 6.1 SF 

L

1

2

3

A

4
5

B C

D

?u

Alternative 2 (Actual): The bar 4 yields last. 

Then at incipient collapse bar 4 is elastic yet. 
00 6.1 SF 

L

1

2

3

A

4 5

B C

D

Alternative 1 (impossible): The bar 3 yields last. 

Then at incipient collapse bar 3 is elastic yet. 
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Displacement at Incipient Collapse 

 in Limit Analysis, continue…: 

-The actual displacement maximizes the work 

  done by the reference loading, provided that 

  no bar has been unloaded after yielding. 
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-Safe Domain of Nonproportional Loading 

 in Limit Analysis, example: 

P
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L
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5
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Q Q
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yyyy 000
SAS t 

- The number of  all potential mechanisms: 
 
  

4
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4

4





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

07.0
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  cccc

yyyy 00 7.07.0
0

SAS c  

- The degree of freedom: n=4 

- The degree of static redundancy: s = m – n = 0 

- The number of bars: m=4 
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-Safe Domain of Nonproportional Loading 

 in Limit Analysis, example, continue…: 

- The kinematic equations: 
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- The equilibrium equations: 
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-Safe Domain of Nonproportional Loading 

 in Limit Analysis, example, continue…: 

- Mechanism 1: 

extWD int B

c wQeS  101

BB wQwS  07.0 07.0 SQ 

extWD int B
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-Safe Domain of Nonproportional Loading 

 in Limit Analysis, example, continue…: 

- Mechanism 2: 

extWD int B

c uPeS  202

BB uPuS  07.0 07.0 SP 

extWD int B

t uPeS  202

BB uPuS  0 0SP 
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-Safe Domain of Nonproportional Loading 

 in Limit Analysis, example, continue…: 

- Mechanism 3: 

extWD int B

t uPeS  303

BB uPuS   8.00 08.0 SP 

extWD int B

c uPeS  303

BB uPuS   8.07.0 0 056.0 SP 
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-Safe Domain of Nonproportional Loading 

 in Limit Analysis, example, continue…: 

- Mechanism 4: 

extWD int CB

c wQuPeS  404

CBC wQuPwS  07.0
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-Safe Domain of Nonproportional Loading 

 in Limit Analysis, example, continue…: 

07.0 SQ 

0SQ 

07.0 SP 
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0443 SQP 

P

Q

1

1

2

2

3

3

4

4

safe

domain
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Safe Domain, Example: 

P D

L
A

B

C

L2

Q

L
E

EIM 0.2,0.2

EIM 0.1,0.1



M

o

0M

Perfectly Plastic Behavior

-The frame is statically indeterminate to second degree and has four  

  critical sections as B, C, D and E, so collapse occurs if the hinges 

  are inserted in these sections. 

-Number of potential mechanisms:  
 
  

4
!1!3

!4

3

4









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Safe Domain, Example, continue…: 

-Alternative 1:  P D

L
A

B

C

L2

Q

L
E


extWD int

LQMMM    000 2

L

M
Q

L

M 00 44


-Alternative 2:  

extWD int

LPMMM 22 000   

P D

L

A

B

C

L2

Q

L
E



L

M
P

L

M 00 22




15-Apr-12 

85 

Safe Domain, Example, continue…: 

-Alternative 3:  

extWD int

LQLPMMM    2222 000

L

M
QP

L

M 00 6
2

6


-Alternative 4:  

extWD int

LQLPMMM    2222 000

P D

L

A

B

C

L2

Q

L
E



P D

L

A

B

C

L2

Q

L
E



L

M
QP

L

M

6

6
2

6 00 
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-Safe Domain, example, continue…: 

P

Q
1

1

22

3

3

4

4

safe

domain

L

M
Q

L

M 00 44


L

M
P

L

M 00 22


L

M
QP

L

M 00 6
2

6


L

M
QP

L

M 00 6
2

6

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Elastic Domain, Example: 

-The frame is statically indeterminate to second degree and has four  

  critical sections as B, C, D and E, so elastic domain forms if one of 

  these sections yields. 

P D

L

A

B

C

L2

Q

L
E

EIM 0.2,0.2

EIM 0.1,0.1
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Elastic Domain, Example, Continue…: 

-Elastic solution: 

QLPLMM BCBA 20886.043038.0 

QLPLMM CDCB 31013.006329.0 

QLPLMM DEDC 17089.055696.0 

QLPLMED 03797.001266.1 

00 20886.043038.0 MQLPLM 

00 31013.006329.0 MQLPLM 

00 17089.055696.0 MQLPLM 

00 203797.001266.12 MQLPLM 

P D

L

A

B

C

L2

Q

L
E

EIM 0.2,0.2

EIM 0.1,0.1
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-Elastic Domain, example, continue…: 

00 20886.043038.0 MQLPLM 

00 31013.006329.0 MQLPLM 

00 17089.055696.0 MQLPLM 

00 203797.001266.12 MQLPLM 

P

Q

elastic

domain

elastoplastic

domain
plastic

limit
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-Cyclic Loading, example: 









0

0
:

Q

P
O













0

5.1

:
0

Q

L

M
P

A














L

M
Q

L

M
P

B
0

0

5.2

5.1

:














L

M
Q

L

M
P

C
0

0

5.2

5.1

:

P D

L

A

B

C

L2

Q

L
E













0

5.1

:
0

Q

L

M
P

D

P

Q

elastic

domain

plastic

limit

O A

BC

D
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Step 1: 

LPMM BCBA
 43038.0

LPMM CDCB
 06329.0

LPMM DEDC
 55696.0

LPMED
 01266.1

3
3

1045.489 









EI

LP
uB




3
3

1065.31 









EI

LP
wC




P D

L

A

B

C

L2

L
E
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Step 1, Loading A: 

064557.0 MMM BCBA 

L

M
P 05.1

D

L

A

B C

L2

L
E009494.0 MMM CDCB 

083544.0 MMM DEDC 

051899.1 MMED 

L

M
P 05.1

EI

LM
uB

2

031018.734 

EI

LM
wC

2

031048.47 
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Step 2: 
D

L

A

B

C

L2

Q

L
E

LQMM BCBA
 20886.0

LQMM CDCB
 31013.0

LQMM DEDC
 17089.0

LQMED
 03797.0

3
3

1065.31 









EI

LP
uB




3
3

1073.71 











EI

LQ
wC



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Step 2, Loading between A and B: 

044506.0 MMM BCBA 

020278.0 MMM CDCB 

0MMM DEDC 

055544.1 MMED 

L

M
Q 096.0

L

M
P 05.1

D

L

A

B C

L2

L
E

L

M
Q 096.0

EI

LM
uB

2

031080.703 

EI

LM
wC

2

031038.21 
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Step 3: 

D

L

A

B

C

L2

Q

L
E

LQMM BCBA
 18750.0

LQMM CDCB
 40625.0

0 DEDC MM 

LQMED
 18750.0

3
3

1000.125 











EI

LQ
uB




3
3

1079.119 











EI

LQ
wC



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Step 3, Loading B: 

015631.0 MMM BCBA 

082841.0 MMM CDCB 

0MMM DEDC 

084419.1 MMED 

L

M
Q 054.1

L

M
P 05.1

D

L

A

B C

L2

L
E

L

M
Q 05.2

EI

LM
uB

2

031030.896 

EI

LM
wC

2

031086.205 
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Step 4: 
P D

L

A

B

C

L2

L
E

LPMM BCBA
 43038.0

LPMM CDCB
 06329.0

LPMM DEDC
 55696.0

LPMED
 01266.1

3
3

1045.489 









EI

LP
uB




3
3

1065.31 









EI

LP
wC



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Step 4, Loading between B and C: 

0MMM BCBA 

099845.0 MMM CDCB 

049640.0 MMM DEDC 

087654.0 MMED 

L

M
P 068672.2 D

L

A

B C

L2

L
E

L

M
Q 05.2

L

M
P 018672.1

EI

LM
uB

2

031072.418 

EI

LM
wC

2

031089.290 
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Step 5: 
P D

L

A

B

C

L2

L
E

0 BCBA MM 

LPMM CDCB
 30000.0

LPMM DEDC
 60000.0

LPMED
 40000.1

3
3

1033.733 









EI

LP
uB




3
3

1000.150 









EI

LP
wC



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Step 5, Loading between B and C: 

0MMM BCBA 

0MMM CDCB 

049950.0 MMM DEDC 

088378.0 MMED 

L

M
P 000517.0 D

L

A

B C

L2

L
E

L

M
Q 05.2

L

M
P 019189.1

EI

LM
uB

2

031051.422 

EI

LM
wC

2

031067.291 
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Step 6: 

0 BCBA MM 

0 CDCB MM 

0 DEDC MM 

LPMED
 2

3
3

1033.1333 











EI

LQ
uB




3
3

1000.1000 











EI

LQ
wC




P D

L

A

B

C

L2

L
E
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Step 6, Loading C: 

0MMM BCBA 

0MMM CDCB 

049950.0 MMM DEDC 

050000.1 MMED 

L

M
P 030811.0

EI

LM
uB

2

031032.833 

EI

LM
wC

2

031078.599 

D

L

A

B C

L2

L
E

L

M
Q 05.2

L

M
P 05.1
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Step 7: 
D

L

A

B

C

L2

Q

L
E

LQMM BCBA
 20886.0

LQMM CDCB
 31013.0

LQMM DEDC
 17089.0

LQMED
 03797.0

3
3

1065.31 









EI

LP
uB




3
3

1073.71 











EI

LQ
wC



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Step 7, Loading D: 

047785.0 MMM BCBA 

022468.0 MMM CDCB 

092673.0 MMM DEDC 

059493.1 MMED 

L

M
Q 05.2

L

M
P 05.1

D

L

A

B C

L2

L
E

EI

LM
uB

2

031020.754 

EI

LM
wC

2

031046.420 
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Step 8: 
P D

L

A

B

C

L2

L
E

LPMM BCBA
 43038.0

LPMM CDCB
 06329.0

LPMM DEDC
 55696.0

LPMED
 01266.1

3
3

1045.489 









EI

LP
uB




3
3

1065.31 









EI

LP
wC



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Step 8, Loading O: 

016772.0 MMM BCBA 

012975.0 MMM CDCB 

009129.0 MMM DEDC 

007594.0 MMED 

EI

LM
uB

2

031003.20 

EI

LM
wC

2

031099.372 

L

M
P 05.1 D

L

A

B C

L2

L
E
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Step 8, Loading A: 

081329.0 MMM BCBA 

003482.0 MMM CDCB 

074415.0 MMM DEDC 

044305.1 MMED 

EI

LM
uB

2

031015.714 

EI

LM
wC

2

031052.325 

L

M
P 05.1

L

M
P 05.1

D

L

A

B C

L2

L
E
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Step 9: 
D

L

A

B

C

L2

Q

L
E

LQMM BCBA
 20886.0

LQMM CDCB
 31013.0

LQMM DEDC
 17089.0

LQMED
 03797.0

3
3

1065.31 









EI

LP
uB




3
3

1073.71 











EI

LQ
wC



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Step 9, Loading Between A and B: 

050059.0 MMM BCBA 

049913.0 MMM CDCB 

0MMM DEDC 

049990.1 MMED 

L

M
Q 049716.1 L

M
P 05.1

D

L

A

B C

L2

L
E

L

M
Q 049716.1

EI

LM
uB

2

031076.666 

EI

LM
wC

2

031091.432 
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Step 10: 

D

L

A

B

C

L2

Q

L
E

LQMM BCBA
 18750.0

LQMM CDCB
 40625.0

0 DEDC MM 

LQMED
 18750.0

3
3

1000.125 











EI

LQ
uB




3
3

1079.119 











EI

LQ
wC



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Step 10, Loading B: 

031256.0 MMM BCBA 

090653.0 MMM CDCB 

0MMM DEDC 

068793.1 MMED 

L

M
Q 000284.1

L

M
P 05.1

D

L

A

B C

L2

L
E

L

M
Q 05.2

EI

LM
uB

2

031012.792 

EI

LM
wB

2

031004.553 
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Step 11: 
P D

L

A

B

C

L2

L
E

LPMM BCBA
 43038.0

LPMM CDCB
 06329.0

LPMM DEDC
 55696.0

LPMED
 01266.1

3
3

1045.489 









EI

LP
uB




3
3

1065.31 









EI

LP
wC



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Step 11, Loading between B and C: 

032305.0 MMM BCBA 

0MMM CDCB 

017745.0 MMM DEDC 

019238.0 MMED 

L

M
P 047685.1 D

L

A

B C

L2

L
E

L

M
Q 05.2

L

M
P 002315.0

EI

LM
uB

2

031028.69 

EI

LM
wC

2

031078.579 
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Step 12: 
P D

L

A

B

C

L2

L
E

LPMM BCBA
 50000.0

0 CDCB MM 

LPMM DEDC
 50000.0

LPMED
 00000.1

3
3

10500 









EI

LP
uB




3
3

1033.83 









EI

LP
wC



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Step 12, Loading between B and C: 

0MMM BCBA 

0MMM CDCB 

049950.0 MMM DEDC 

016152.1 MMED 

L

M
P 035390.1 D

L

A

B C

L2

L
E

L

M
Q 05.2

L

M
P 033075.1

EI

LM
uB

2

031067.607 

EI

LM
wC

2

031060.692 
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Step 13: 

0 BCBA MM 

0 CDCB MM 

0 DEDC MM 

LPMED
 2

3
3

1033.1333 











EI

LQ
uB




3
3

1000.1000 











EI

LQ
wC




P D

L

A

B

C

L2

L
E
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Step 13, Loading C: 

0MMM BCBA 

0MMM CDCB 

049950.0 MMM DEDC 

050002.1 MMED 

L

M
P 016925.0

EI

LM
uB

2

031033.833 

EI

LM
wC

2

031085.861 

D

L

A

B C

L2

L
E

L

M
Q 05.2

L

M
P 05.1
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-Cyclic Loading, example, continue…: P D

L

A

B

C

L2

Q

L
E

wC/(M0L
2/2EI) uB/(M0L

2/2E

I) 

ME/M0 MD/M0 MC/M0 MB/M0 

-47.48x10-3 734.18x10-3 1.51899 -0.83544 -0.09494 0.64557 A 

21.38x10-3 703.80x10-3 1.55544 -1 0.20278 0.44506 A-B 

205.86x10-3 896.30x10-3 1.84419 -1 0.82841 0.15631 B 

290.89x10-3 -418.72x10-3 -0.87654 0.49640 0.99845 -1 B-C 

291.67x10-3 -422.51x10-3 -0.88378 0.49950 1 -1 B-C 

599.78x10-3 -833.32x10-3 -1.50000 0.49950 1 -1 C 

420.46x10-3 -754.20x10-3 -1.59493 0.92673 0.22468 -0.47785 D 

372.99x10-3 -20.03x10-3 -0.07594 0.09129 0.12975 0.16772 O 

325.52x10-3 714.15x10-3 1.44305 -0.74415 0.03482 0.81329 A 

432.91x10-3 666.76x10-3 1.49990 -1 0.49913 0.50059 A-B 

533.04x10-3 792.12x10-3 1.68793 -1 0.90653 0.31256 B 

579.78 x10-3 69.28 x10-3 0.19238 -0.17745 1 -0.32305 B-C 

692.60 x10-3 -607.67 x10-3 -1.16152 0.49950 1 -1 B-C 

861.85 x10-3 -833.33 x10-3 -1.50002 0.49950 1 -1 C 

P

Q

elastic

domain

plastic

limit

O A

BC

D
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-Cyclic Loading, example, continue…: 

P D

L

A

B

C

L2

Q

L
E

-1.5
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0
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STEP

M
D

/M
0
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-Cyclic Loading, example, continue…: 

P D

L

A

B

C

L2

Q

L
E

Incremental Collapse 
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-Cyclic Loading, example: 









0

0
:

Q

P
O






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

0
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0
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L

M
Q

L

M
P

B
0

0

5.2

5.1

:













L

M
Q

P

C
05.2

0

:

P

Q

elastic

domain

plastic

limit

O A

BC P D

L

A

B

C

L2

Q

L
E

EIM 0.2,0.2
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Step 1: 

LPMM BCBA
 43038.0

LPMM CDCB
 06329.0

LPMM DEDC
 55696.0

LPMED
 01266.1

3
3

1045.489 









EI

LP
uB




3
3

1065.31 









EI

LP
wC




P D

L

A

B

C

L2

L
E
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Step 1, Loading A: 

064557.0 MMM BCBA 

L

M
P 05.1

D

L

A

B C

L2

L
E009494.0 MMM CDCB 

083544.0 MMM DEDC 

051899.1 MMED 

L

M
P 05.1

EI

LM
uB

2

031018.734 

EI

LM
wC

2

031048.47 
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Step 2: 
D

L

A

B

C

L2

Q

L
E

LQMM BCBA
 20886.0

LQMM CDCB
 31013.0

LQMM DEDC
 17089.0

LQMED
 03797.0

3
3

1065.31 









EI

LP
uB




3
3

1073.71 











EI

LQ
wC



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Step 2, Loading between A and B: 

044506.0 MMM BCBA 

020278.0 MMM CDCB 

0MMM DEDC 

055544.1 MMED 

L

M
Q 096.0

L

M
P 05.1

D

L

A

B C

L2

L
E

L

M
Q 096.0

EI

LM
uB

2

031080.703 

EI

LM
wC

2

031038.21 
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Step 3: 

D

L

A

B

C

L2

Q

L
E

LQMM BCBA
 18750.0

LQMM CDCB
 40625.0

0 DEDC MM 

LQMED
 18750.0

3
3

1000.125 











EI

LQ
uB




3
3

1079.119 











EI

LQ
wC






15-Apr-12 

127 

Step 3, Loading B: 

015631.0 MMM BCBA 

082841.0 MMM CDCB 

0MMM DEDC 

084419.1 MMED 

L

M
Q 054.1

L

M
P 05.1

D

L

A

B C

L2

L
E

L

M
Q 05.2

EI

LM
uB

2

031030.896 

EI

LM
wC

2

031086.205 
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Step 4: 
P D

L

A

B

C

L2

L
E

LPMM BCBA
 43038.0

LPMM CDCB
 06329.0

LPMM DEDC
 55696.0

LPMED
 01266.1

3
3

1045.489 









EI

LP
uB




3
3

1065.31 









EI

LP
wC



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Step 4, Loading C: 

048926.0 MMM BCBA 

092335.0 MMM CDCB 

016456.0 MMM DEDC 

032520.0 MMED 

L

M
P 05.1 D

L

A

B C

L2

L
E

L

M
Q 05.2

EI

LM
uB

2

031008.162 

EI

LM
wC

2

031034.253 
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Step 5: 
Q

D

L

A

B

C

L2

L
E

LQMM BCBA
 20886.0

LQMM CDCB
 31013.0

LQMM DEDC
 17089.0

LQMED
 03797.0

3
3

1065.31 









EI

LP
uB




3
3

1073.71 











EI

LQ
wC



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Step 5, Loading O: 

003289.0 MMM BCBA 

014803.0 MMM CDCB 

026267.0 MMM DEDC 

023028.0 MMED 

L

M
Q 05.2

D

L

A

B C

L2

L
E

EI

LM
uB

2

031021.241 

EI

LM
wC

2

031002.74 
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Step 6: 
P D

L

A

B

C

L2

L
E

LPMM BCBA
 43038.0

LPMM CDCB
 06329.0

LPMM DEDC
 55696.0

LPMED
 01266.1

3
3

1045.489 









EI

LP
uB




3
3

1065.31 









EI

LP
wC



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Step 6, Loading A: 

067846.0 MMM BCBA 

005310.0 MMM CDCB 

057277.0 MMM DEDC 

074927.1 MMED 

L

M
P 05.1

L

M
P 05.1

D

L

A

B C

L2

L
E

EI

LM
uB

2

031038.975 

EI

LM
wC

2

031055.26 
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Step 7: 
Q

D

L

A

B

C

L2

L
E

LQMM BCBA
 20886.0

LQMM CDCB
 31013.0

LQMM DEDC
 17089.0

LQMED
 03797.0

3
3

1065.31 









EI

LP
uB




3
3

1073.71 











EI

LQ
wC



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Step 7, Loading B: 

015631.0 MMM BCBA 

082843.0 MMM CDCB 

0MMM DEDC 

084419.1 MMED 

L

M
Q 05.2

L

M
P 05.1

D

L

A

B C

L2

L
E

L

M
Q 05.2

EI

LM
uB

2

031026.896 

EI

LM
wC

2

031088.205 
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-Cyclic Loading, example, continue…: 

P D

L

A

B

C

L2

Q

L
E

wC/(M0L
2/2E

I) 

uB/(M0L
2/2E

I) 

ME/M0 MD/M0 MC/M0 MB/M0 

-47.48x10-3 734.18x10-3 1.51899 -0.83544 -0.09494 0.64557 A 

21.38x10-3 703.80x10-3 1.55544 -1 0.20278 0.44506 A-B 

205.86x10-3 896.30x10-3 1.84419 -1 0.82841 0.15631 B 

253.34x10-3 162.08 x10-3 0.32520 -0.16456 0.92335 -0.48926 C 

74.02x10-3 241.21x10-3 0.23028 0.26267 0.14803 0.03289 O 

26.55x10-3 975.38x10-3 1.74927 -0.57277 0.05310 0.67846 A 

205.88x10-3 896.26x10-3 1.84419 -1 0.82843 0.15631 B 

P

Q

elastic

domain

plastic

limit

O A

BC
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-Cyclic Loading, example, continue…: 

P D

L

A

B

C

L2

Q

L
E
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-Cyclic Loading, example, continue…: 

P D

L

A

B

C

L2

Q

L
E

Shake Down 
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-Melan’s shakedown theorem: 

-If for a given load history, there exist a self equilibrated 

  shakedown forces sr such that: 

 

                                         -s0 <  sr +  se(t) <  s0 

 

Then the structure shakes down. 

Where se(t) is the elastic internal loads. 

- In a loading domain the following conditions are used 

 for a shakedown analysis: 
sr +  se

max <  s0 

 

sr +  se
min >  -s0 
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-Shakedown analysis for a given loading domain, example: 









0

0
:

Q

P
O








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0

Q
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L
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







L

M
Q
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C
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:

P

Q

loading
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plastic

limit
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BC P D

L

A
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L
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EIM 0.2,0.2

EIM 0.1,0.1
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Shakedown analysis for a given loading domain, example, Continue…: 

-Elastic solution: 

QLPLMM BCBA 20886.043038.0 

QLPLMM CDCB 31013.006329.0 

QLPLMM DEDC 17089.055696.0 

QLPLMED 03797.001266.1 

P D

L

A

B

C

L2

Q

L
E

EIM 0.2,0.2

EIM 0.1,0.1
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Shakedown analysis for a given loading domain, example, Continue…: 

-Elastic solution against Loading: 

0 BCBA MM

0 CDCB MM

0 DEDC MM

0EDM









0

0
:

Q

P
O
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Shakedown analysis for a given loading domain, example, Continue…: 

064557.0 MMM BCBA 

009494.0 MMM CDCB 

083544.0 MMM DEDC 

051899.1 MMED 













0

5.1

:
0

Q

L

M
P

A-Elastic solution against Loading: 
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Shakedown analysis for a given loading domain, example, Continue…: 

012342.0 MMM BCBA 

068039.0 MMM CDCB 

026267.1 MMM DEDC 

061392.1 MMED 

-Elastic solution against Loading: 














L

M
Q

L

M
P

B
0

0

5.2

5.1

:
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Shakedown analysis for a given loading domain, example, Continue…: 

-Elastic solution against Loading: 













L

M
Q

P

C
05.2

0

:

052215.0 MMM BCBA 

077533.0 MMM CDCB 

042723.0 MMM DEDC 

009493.0 MMED 
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Shakedown analysis for a given loading domain, example, Continue…: 

-Maximum and minimum of Elastic solutions: 

0

max 64557.0 MM
eB

 0

min 52215.0 MM
eB



0

max 77533.0 MM
eC

 0

min 09494.0 MM
eC



0max 
eD

M 0

min 26267.1 MM
eD



0

max 61392.1 MM
eE

 0min 
eE

M
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Shakedown analysis for a given loading domain, example, Continue…: 

0064557.0 MMM incrB  0052215.0 MMM incrB 

0077533.0 MMM incrC 
0009494.0 MMM incrC 

00 MM incrD  
0026267.1 MMM incrD 

00 261392.1 MMM incrE  020 MM incrE 

- Shakedown condition: 
sr +  se

max <  s0 

 

sr +  se
min >  -s0 

 

- Self equilibrium condition for residual forces using virtual work: 









0

02

rErDrB

rDrCrB

MMM

MMM









rBrDrE

rDrBrC

MMM

MMM 5.05.0
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Shakedown analysis for a given loading domain, example, Continue…: 

0064557.0:)( MMMI incrB  0052215.0:)( MMMII incrB 

0077533.05.05.0:)( MMMMIII incrDrB  
0009494.05.05.0:)( MMMMIV incrDrB  

00:)( MMV incrD  
0026267.1:)( MMMVI incrD 

00 261392.1:)( MMMMVII incrBrD   020:)( MMMIIX incrBrD  

incrBinc MMIII  64557.01/52215.01:)&( 0 

incrDrBinc MMMMIVIII  55066.12//18988.02:)&( 00 

1/26267.11:)&( 0  MMVIV rDinc

incrBrD MMMMIIXVII 61392.12//2:)&( 00 
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Shakedown analysis for a given loading domain, example, Continue…: 

incrBinc MMIXIII  64557.01/52215.01:)(:)&( 0 

incrDrBinc MMMMXIVIII  55066.12//18988.02:)(:)&( 00 

1/26267.11:)(:)&( 0  MMXIVIV rDinc

incrBrD MMMMXIIIIXVII 61392.12//2:)(:)&( 00 

incrDinc MMXIIIX  25949.23/52215.03:)&( 0 

incrDinc MMXIIX  58229.12/09494.02:)&( 0 

1/26267.11:)( 0  MMXI rDinc
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Shakedown analysis for a given loading domain, example, Continue…: 
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
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054.1
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385.2
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376.2

157.2

inc 1054.1 inc

The given loading domain is safe  

against incremental collapse. 
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Shakedown analysis for a given loading domain, example, Continue…: 

   15.1/252215.064557.0 000 MMMftg 

   15.1/209494.077533.0 000 MMMftg 

   15.1/226267.10 00 MMftg 

  15.1/4061392.1 00 MMftg 

- Preventing from plastic fatigue: 
se

max - se
min <  2s0 

Me
max - Me

min <  2M0/a 
- Suppose: a=1.15 
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Shakedown analysis for a given loading domain, example, Continue…: 

489.1ftg

998.1ftg

377.1ftg

155.2ftg
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-Shakedown analysis for a given loading domain, example: 
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Shakedown analysis for a given loading domain, example, Continue…: 

-Elastic solution: 

QLPLMM BCBA 20886.043038.0 

QLPLMM CDCB 31013.006329.0 

QLPLMM DEDC 17089.055696.0 

QLPLMED 03797.001266.1 

P D

L
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B

C

L2

Q

L
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EIM 0.2,0.2

EIM 0.1,0.1
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Shakedown analysis for a given loading domain, example, Continue…: 

-Elastic solution against Loading: 


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064557.0 MMM BCBA 

009494.0 MMM CDCB 

083544.0 MMM DEDC 

051899.1 MMED 
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Shakedown analysis for a given loading domain, example, Continue…: 

064557.0 MMM BCBA 

009494.0 MMM CDCB 

083544.0 MMM DEDC 

051899.1 MMED 


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:
0

Q

L

M
P

A-Elastic solution against Loading: 
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Shakedown analysis for a given loading domain, example, Continue…: 

012342.0 MMM BCBA 

068039.0 MMM CDCB 

026267.1 MMM DEDC 

061392.1 MMED 

-Elastic solution against Loading: 
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Shakedown analysis for a given loading domain, example, Continue…: 

-Elastic solution against Loading: 

016772.1 MMM BCBA 

087026.0 MMM CDCB 

040822.0 MMM DEDC 

042407.1 MMED 
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Shakedown analysis for a given loading domain, example, Continue…: 

-Maximum and minimum of Elastic solutions: 

0

max 64557.0 MM
eB

 0

min 16772.1 MM
eB



0

max 87026.0 MM
eC

 0

min 09494.0 MM
eC



0

max 83544.0 MM
eD

 0

min 26267.1 MM
eD



0

max 61392.1 MM
eE

 0

min 51899.1 MM
eE


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Shakedown analysis for a given loading domain, example, Continue…: 

0064557.0 MMM incrB  0016772.1 MMM incrB 

0087026.0 MMM incrC 
0009494.0 MMM incrC 

0083544.0 MMM incrD 
0026267.1 MMM incrD 

00 261392.1 MMM incrE  00 251899.1 MMM incrE 

- Shakedown condition: 
sr +  se

max <  s0 

 

sr +  se
min >  -s0 

 

- Self equilibrium condition for residual forces using virtual work: 


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

rBrDrE

rDrBrC

MMM

MMM 5.05.0



15-Apr-12 

161 

Shakedown analysis for a given loading domain, example, Continue…: 

0064557.0:)( MMMI incrB  0016772.1:)( MMMII incrB 

0087026.05.05.0:)( MMMMIII incrDrB  
0009494.05.05.0:)( MMMMIV incrDrB  

0083544.0:)( MMMV incrD 
0026267.1:)( MMMVI incrD 

00 261392.1:)( MMMMVII incrBrD   00 251899.1:)( MMMMIIX incrBrD  

incrBinc MMIII  64557.01/16772.11:)&( 0 

incrDrBinc MMMMIVIII  74052.12//18988.02:)&( 00 

incrDinc MMVIV  83544.01/26267.11:)&( 0 

incrBrDinc MMMMIIXVII  61392.12//51899.12:)&( 00 
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Shakedown analysis for a given loading domain, example, Continue…: 

incrDinc MMXIIIX  25949.23/68671.23:)&( 0 

incrDinc MMXIIX  67722.12/85444.02:)&( 0 

incrDinc MMXI  83544.01/26267.11:)( 0 
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max

incrBinc MMIXIII  64557.01/16772.11:)(:)&( 0 

incrDrBinc MMMMXIVIII  74052.12//18988.02:)(:)&( 00 

incrDinc MMXIVIV  83544.01/26267.11:)(:)&( 0 

incrBrDinc MMMMXIIIIXVII  61392.12//51899.12:)(:)&( 00 
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Shakedown analysis for a given loading domain, example, Continue…: 
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The given loading domain isn’t  safe  

against incremental collapse. 
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Shakedown analysis for a given loading domain, example, Continue…: 

   15.1/216772.164557.0 000 MMMftg 

   15.1/209494.0877026.0 000 MMMftg 

   15.1/226267.183544.0 000 MMMftg 

   15.1/451899.161392.1 000 MMMftg 

- Preventing from plastic fatigue: 
se

max - se
min <  2s0 

Me
max - Me

min <  2M0/a 
- Suppose: a=1.15 
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Shakedown analysis for a given loading domain, example, Continue…: 

959.0ftg

789.1ftg
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