Plastic Analysis
and Design of Structures

Part 1-2

S. Erfan




Moment Curvature and Force Elongation Relations in
Axial-Flexural Members:

-Bending Usual Assumption (Bernoulli Assumption):
“The Plane Cross Sections Remain Plain and Normal to
The Deflected Middle Axis of The Beam™.

Z . The Fiber Depth Coordinate Measured FromThe Middle Axis

x : The Middle Axis Curvature

£ : Strain of The Middle Axis

K=—
yo,

E=LK+E&

o - Radius of Curvature
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M = j o(z)zdA

N = j o(2)dA



Example: Rectangular Cross Section With
Elastic Perfectly Plastic Material:

o
Elastic Elasto — Plastic Plastic
Limit  Region Limit
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Example: Rectangular Cross Section With
Elastic Perfectly Plastic Material:

o
Elastic Elasto — Plastic Plastic

Limit  Region Limit

Elastic Limit:

o(z=h/2) =0, Ec(z=h/2) =0, E(

+ Nj—a hM+N—0 M +
EA) ° A oW, o,A
0
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Example: Rectangular Cross Section With
Elastic Perfectly Plastic Material (continue ...):

Elastic Elasto — Plastic Plastic

Limit  Region Limit

Plastic Limit:




Example: Rectangular Cross Section With
Elastic Perfectly Plastic Material (continue ...):

Elastic Elasto — Plastic Plastic

Limit  Region Limit
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Example: Rectangular Cross Section With
Elastic Perfectly Plastic Material (continue ...):

o
Elastic Elasto — Plastic Plastic

Limit  Region Limit

Plastic Limit

Elastic Limit ; .
Elastic Limit

Plastic Limit :

N,

Elasto — Plastic
Region




Example: Rectangular Cross Section With
Elastic Perfectly Plastic Material (continue ...):

o
Elastic Elasto — Plastic Plastic

Limit  Region




Example: Rectangular Cross Section With
Elastic Perfectly Plastic Material (continue ...):

o
Elastic Elasto — Plastic Plastic

Limit  Region Limit

2/11/2013



Example: Rectangular Cross Section With
Elastic Perfectly Plastic Material (continue ...):

o
Elastic Elasto — Plastic Plastic

Limit  Region Limit

) N 10
Plastic Limit: 2111/2013




Expanded Plastic zone:

(.

elastic = elastic-plastic  elastic
zone zone zone
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Expanded Plastic zone:

With Elastic Perfectly Plastic Material:

Elastic Limit :

elastic = elastic-plastic  elastic
zone zone zone
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Expanded Plastic zone:

Example) Rectangular Cross Section Bea
With Elastic Perfectly Plastic Material:

Plastic Limit :

ANl
’:::E:: [Xel]uIH

:elastic 'lelastic-plasticI elastic
' zone zone ' zone '
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Expanded Plastic zone:

’:::E:: [Xel]uIH

:elastic 'lelastic-plasticI elastic
' zone zone ' zone '
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Plastic Limit of General Cross Section With
Elastic Perfectly Plastic Material:

Oy

Plastic
Limit

dM =-20,b,z,dz,

dS™=-b. z dz,
dS™ =+b,z dz,

Plastic
Limit
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Plastic Limit of General Cross Section With
Elastic Perfectly Plastic Material (continue...):

el

d’M

dz
" dN*

<0
Z

dN

Plastic Limit g
M >0 | M >0

(Zn)max — h/2 | (Zn)min :_h/2

(Zn )max — h/2

Convexity Rule .
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Plastic Limit of General Cross Section With
Elastic Perfectly Plastic Material (continue...):

Plastic
Limit

Né,+Mé =0 Normality
: Rule
¢
=6, + 2 =0 [N M |{ } _0 Plastic Function: f(s)=0

G-

2/11/2013




Rigid-Perfectly Plastic:

Loading —Unloading Criteria : @ Karush — Kuhn —Tucker Condition:

f (s) <0:Rigid Region

f(s)=0 & f=Ff$<0:RigidUnloading

f(s)=0 & f =f'$=0:Plastic Loading - Consistency Condition

Plastic Loading Rigid Unloading

1(s)=0 _f(s)=0
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Incremental Analysis for Beam-Columns:

-Rigid Connection:

-Plastic Connection for
End I ;
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-Plastic Connection for
End | (continue...):

fsTiKlldi +stKIde
fs-li-KIIfsi

f;K,,di+/if;K,,fsi+f;K”dj -0 i =

fs-li-Klldi +fs-|i-Klej

d, =d —f,
| | ” fsTiI<IIfsi
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-Plastic Connection for
End | (continue...):

fg K, di + 13K, d,
; fsTiKIIfsi

fs-li-Klldi +fs-|i-Klej
! fIK,f

I " si

fS-Ii-KllfSi fsTiKIIfsi

K .I:siil:s-li-l‘< i K .I:si-l:s-li-l‘< .
< _dei{KU_dej
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-Plastic Connection for
End | (continue...):

fg K, di + 13K, d,
; fsTiKIIfsi

fs-li-Klldi "'fsTiKlej
! 1:sjli-l<ll1:si

f

fsTiI(II Si f;I(Ilfsi

_ KJlfsifsTiKu jd' -I{KJJ _ KJlfsifsTiKlJ ]dj
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-Plastic Connection for
End | (continue...):

_ I(“-I:SifSTiI(II K  — Kllfsifs-EKlJ
fiK

||fSi : 1:s-li-|'<ll-|:si di
CKGERK, K RRIK, (|6,

SI Si

fsTil<IIfsi . f;Kllfsi

J
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Elastic-Plastic Behavior
In Monotonic Loading:

Elastic-Plastic Behavior
In Reversed Loading:
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Bauschinger Effect in
Reversed Loadings

Bauschinger Effect
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Hardening Parameters

Equivalent Plastic Strain :

gV = Hdgp‘ = J‘(dgpdgpﬁ

PlasticWork Plastic Strain
Wp :jodgp £, =Id5p

Path : OAB-

(&P = e
Wp = Areaof OABCO

€0 = &8

(P _
g" =2¢&

Path: OABCDEO<Wp = Area of OABCDEO

kgp:O
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Isotropic Hardening:
Yield Condition:

‘G‘:GY(K)

Oy (K): oy +h(x)

x . Accumulative
Hardening Parameter

x = &" . Strain Hardening

x =W :Work Hardening
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Linear Isotropic Strain Hardening:

Yield Condition:

= H = Constant
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Kinematic Hardening:

Yield Condition:

Plastic Strain
£, = jdgp

o . Back Stress
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Linear Kinematic Hardening:

Yield Condition:

EE,

= = H = Constant
E+Ep

30
2/11/2013




Mixed Hardening:

Yield Condition:

o-ale,) =0, (x)

x . Accumulative
Hardening Parameter
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Mixed Linear Hardening

Yield Condition:

‘a—a(gp}:a\((gp)
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Multi-linear Stress Strain Relations

Elastic-Multilinear Plastic
(serial combination)
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Multi-linear Stress Strain Relations (continue ...)

Elastic-Multilinear Plastic
(parallel combination)
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Loading — Unloading Criteria for Elastic Perfectly Plastic Behavior
do =0: Plastic Loading

do = Ede : ElasticUnloading

“~do =Ede

do =Ede: EU.
do=0:P.L. \
Elastic Region: 3

do = Ed¢

Yield Region:
{if odo < 0: ElasticUnloading

If odo =0: Plastic Loading
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Loading — Unloading Criteria for Elastic Hardening Plasticity

do = E,de : Plastic Loading
W
; AN
do = Ede : ElasticUnloading

“do=Ede

do=Ede:EU.

ElasticRegion:} 4, —Ede-PL
t L] (] |\
do = Ede

Yield Region:
if (0 —a)do < 0: ElasticUnloading
if (0 —a)do > 0: Plastic Loading
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Loading — Unloading Criteria for Elastic Softening Plasticity
do = E,de : Plastic Loading

/
\

do = Ede : ElasticUnloading
“~do =Ede

do = Ede:EU.
\

Elastic Region: 7
=E.de:P.L
do = Ede do = Edz

Yield Region: Yield Region:
ElasticUnloading If (g—gp)dg <0: ElasticUnloading
Plastic Loading If (g —gp)dg > 0: Plastic Loading

(c-a)do <0
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Elastic Predictor — Plastic Corrector for Elastic Perfectly Plastic Behavior

do =0: Plastic Loading
AN
do = Ede : ElasticUnloading

“~do =Ede

A
1

0

do =Ede¢: EU.
i

4
1

do=0:P.L.
\4\

Elastic Region:
do =Ede

)
Y

Yield Region:
If odo <0: ElasticUnloading

do = Ede(Elastic Predictor )— | | |
else : Plastic Loading(Plastic Corrector )
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Elastic Predictor — Plastic Corrector for Elastic Hardening Plasticity
do = E,d¢ : Plastic Loading

/,\ J
1
I

AN
do = Ede : ElasticUnloading

“do=Ede

1o

do=Ede:EU.

Elastic Region:jj do =Ede:P.L. \
>
do = Ede v

Yield Region:

if (6 —a)do <0: ElasticUnloading

else : Plastic Loading (Plastic Corrector)
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do = Ede(Elastic Predictor)—>{




Elastic Predictor — Plastic Corrector for Elastic Softening Plasticity

do = E,de : Plastic Loading

'/
\

do = Ede : ElasticUnloading
“~do =Ede¢

- —
do =Ede¢:EU.
\

Elastic Region: do=Ede:P.L"
do = Ede

Yield Region:

if (0 —a)do <0: ElasticUnloading

else : Plastic Loading(Plastic Corrector )
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do = Ede(Elastic Predictor)—>{




NI CEIWAGEWAIE

Equilibrium Equation: KU = F

Linear Analysis : K isconstant il Nonlinear Analysis: K = K(U)
Solution: U = K'F Incremental Analysis :K,dU = dF
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Simple Incremental Method
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Newton-Raphson Incremental Method

K=K,

R = Difference Between
External and Internal Forces

R = AF

KPAU* =R! - AU* = (K°)'R?

R*is calculated
KI'AU? = R? - AU? = (K!) 'R?
n-1

IfR[is negligiblethen:AU; = > AU’

j=L
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Disadvantage of Newton-Raphson Incremental Method:

- A new stiffness matrix has to be formed and solved for each sub-step.

- At some cases, as non-associated plasticity, the stiffness matrix becomes
non-symmetric and then non-symmetric solvers are required.




Modified Newton-Raphson Incremental Method
R = Difference Between
External and Internal Forces

KAU' =R! - AU* =K'R?

Rizis calculated

KAU? = R? — AU? =K 'R?

n-1 |
IfR[is negligiblethen:AU; = > AU’
= 2/11/2013




Line Search Procedure for Acceleration of Convergence

R = Difference Between
External and Internal Forces

KAU' =R} — AU* =(1+7, K 'R};7, =0

R?iscalculated @G = (AU; |R” @l 7,is calculated sothat G is made zero

KAU? = R? — AU? =K 'R?

n-1 |
IfR[is negligiblethen:AU; = > AU’ U =U._ +AU,
— 46
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Displacement Control Incremental
Method

K? — Ki—l

R = Difference Between
External and Internal Forces

R = ZAF

KPAU' = R! = ZAF

AU = (KO ) AF = ZAUY

¢
AU

If the z —thdegreeof freedom (AU, )is prescribed,
AU iz

then :AUiz — AU|12 — Z?AU:;]- — ﬂ‘::- = nl
AU’
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Displacement Control Incremental Method (continue...)

RPis calculated KAU? = R + 22AF — AU? = (K] (R? + 2AF)

AU? = (K!)'RZ + 2(KE) "AF = AU + 22AU”
AU'? AU?

Because of the z —th displacement
AU iIZZ
AU?

was prescribed :AUZ =0 — A° = -

IR 'is negligiblethen:
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Arc Length Control Method
(AU, )" AU, = AI’@IK? =K,

R = Difference Between
External and Internal Forces

R = AAF

K{AU = Ri = LAF

AU = (K7 ) AF = AUy

AU

(AU (AU )= A2 > 4 =

AI

\/ AU”l

U ”1
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Arc Length Control Method (continue...)
Ris calculated [ KIAUZ = R? + 22AF — AU? = (K!) ' (R2 + 22AF)

AU? = (K} 'R? + 22(K!) " AF = AU'? + 22AU"
CAPSATRECRA Pl

AU'i2 AU’i'Z

AU; = AU; +AU; = AU; + AU + FAU™

(AU + AUZZ 4+ 22AU"2 | (AU* + AU + 22AU"2 )= Al

(AU ] (aU2 ) 2 +2(AU* + AU (AU 22 )+ (AUE + AU (AUE + AUZ )= AI2 =0
A’is calculated

IR "is negligiblethen:
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Work Control Method

(AU, )" AF, = AW

R = Difference Between
External and Internal Forces

R = AAF

K{AU = Ri = LAF

AU = (K7 ) AF = AUy

AU

AW
(AU (aF)

(

AAU™T (EAF)= AW — £ = \/
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Work Control Method (continue...)
Ris calculated [ KIAUZ = R? + 22AF — AU? = (K!) ' (R2 + 22AF)

AU? = (K} 'R? + 22(K!) " AF = AU'? + 22AU"
CAPSATRECRA Pl

Au;2 AU"?

(AU + AU + 2AU" || (£ + 22 )AF = AW

(AU (AF) 2 + (AU + AU + 2AU"2 T (AF)22 )+ (2 AU + AU2 ) (AF) - AW =0

A%is calculated

IR "is negligiblethen:
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