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The Three Types of Inelastic Behavior:

Hardening Behavior
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The Ideal Stress Strain Relations:

If co<o,:6=0
fo=0,:e6=41

&
Rigid-Perfectly Plastic

Rigid- Plastic Elastic-Plastic
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Basic Relations:

E : Elastic Modulus
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Basic Relations (continue ...):

U = ode : Rateof Energy Density

U =o¢, +o¢,

o¢, . Rate of Stored Elastic Energy Density

Elastic Region:D =0

Perfectly Plastic Materials:

Elastic Region:D =0

.. T _60
&E=¢&
PeFfectIy Plastic Behavior




Elastic Perfectly Plastic Bars:

L : Bar Length

A : Cross Section Area

S : Axial Force oA = S

S, : Plastic Axial Force

e : Extention(Change of Length)

if |S|<S, >e= L s Elastic Region
EA

. . L
if S| =S, —>e:S|gn(S)(aSO+/1j A >0

. Plastic Region

1

S(Force)

EA/L

e(Extension)
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Elastic Perfectly Plastic Bars (continue...):

-Dissipation Power:

D, = [ DAV = [02,dV =Voz, = AdLé, =S¢,
Vv Vv

Elastic Region:D,, =0

Plastic Region: D, = S¢_ = So‘ép‘

-Residual Stress Effect:
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Moment-Curvature Relation in Flexural Beams:

-Bending Usual Assumption (Bernoulli Assumption):
“The Plane Cross Sections Remain Plain and Normal to
The Deflected Middle Axis of The Beam™.

Z . The Fiber Depth Coordinate Measured FromThe Middle Axis

x : The Middle Axis Curvature

E =LK
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Example: Rectangular Cross Section With
Elastic Perfectly Plastic Material:

M<M,;:
-

M =Elx|

h/2 h/2




Example: Rectangular Cross Section With
Elastic Perfectly Plastic Material (continue ...):

=1.5: Shape Factor

W, bh?/6

el
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Example: Rectangular Cross Section With
Elastic Perfectly Plastic Material (continue ...):

K—> = — IVl 2/11/2013



Example: Rectangular Cross Section With
Elastic Perfectly Plastic Material (continue ...):
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Expanded Plastic zone:

Example) Rectangular Cross Section Beam
With Elastic Perfectly Plastic Material:

I\/I(x)— XE }

F_
4

|
I
i xe." { . . :
:elastlc 'l elastic-plastic  elastic
—zone Zone T zone |
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Expanded Plastic zone:

Example) Rectangular Cross Section Beam
With Elastic Perfectly Plastic Material
(continue ...):

4M,

0 }: Elastic Region
3F

4M,

: Ij : Elastic — Plastic Region

|
/7§>7[Xe|]u|t |

:elastic 'lel.astic—plasticI elastic
—zone Zone T zone |

-
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Expanded Plastic zone:

Example) Rectangular Cross Section Beam
With Elastic Perfectly Plastic Material
(continue ..

L/2

|
I
i xe." { : . :
: elastic 'l elastic-plastic ~ elastic
—zone Zone T zone |

3El \/3[1—'\/'] 3El \/3[1— .
I\/IO 2M 2/11/2013
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Expanded Plastic zone:

|
elastlc 'l elastic-plastic . elastic .
—Zone zone " zone '
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Expanded Plastic zone:

With Elastic Perfectly Plastic Material
(continue ..

:elastic lel.astic—plasticI elastic .
' zone zone ' zZone

313 2 2
A, =—0C g0 10-12F * _3g/15_12F
2592F 2El ] F

B 18
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Expanded Plastic zone:

With Elastic Perfectly Plastic Material
(continue ...):

1.5 2 22222
delta (L"3/48El)
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Expanded Plastic zone: ”

Example) Rectangular Cross Section Beam e SRR ERR RN R NREE,
With Elastic Perfectly Plastic Material:

] - L L
5 /3 3.46
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Expanded Plastic zone (continue ...): q

RN EEREREREE!
Example) Rectangular Cross Section Beam ji#as

With Elastic Perfectly Plastic Material:
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Expanded Plastic zone (continue ...): q

RN EEREREREE!
Example) Rectangular Cross Section Beam ji#as

With Elastic Perfectly Plastic Material:

AM, L L2
X €
3q "2 EI

B - 2 2
3el |d1- M | 3g g1 98
I\/IO 8M0 0 22
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Expanded Plastic zone (continue ...): q

: FEEREEREEEREER R
Example) Rectangular Cross Section Beam /S

With Elastic Perfectly Plastic Material:




Expanded Plastic zone (continue ...):

With Elastic Perfectly Plastic Material:

8M,, . 5qL*
< = . _
=% = Aurz 384E]|
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Dissipation Power in Plastic Hinges:

Dy, = | 0260A = 6] ozdA = GM
A A

0
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Common Representation of Dissipation Power:

- The Stress-Stain Element;

- The Plastic Axial Bar:

- The Plastic Moment Hinge:




Design Methods:

1- Allowable Stress Design or Work Stress Design

Elastic Analysis Is permissible only.

2- Limit States Design or Strength Design

Both of Elastic and Inelastic Analyses are permiss



Comparison Between Elastic and Inelastic Analysis in Strength Design:
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Comparison Between Elastic and Inelastic Analysis in Strength Design:

Elastic Diagram:
M=5FL/32

W@M

M, .=3FL/16
L/2
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Comparison Between Elastic and Inelastic Analysis (continue ...):
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Comparison Between Elastic and Inelastic Analysis (continue ...):

Elastic and Inelastic
Diagram: M...=FL/8

|
M, -.=FL/8
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Two Types of Nonlinear Analyses used in Lumped Hinge Approach:

1- Incremental Analysis

2- Limit Analysis




Incremental Analysis:

do =0: Plastic Loading

do = Ede : ElasticUnloading
"~do =Ede

do =Ede¢: EU.
do=0:P.L. \
N

Elastic Unloading — Plastic Loading Criteria?
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Incremental Analysis:
Elastic Predictor — Plastic Corrector for Elastic Perfectly Plastic Behavior

do =0: Plastic Loading
AN
do = Ede : ElasticUnloading

“~do =Ede

A
1

0

do =Ede¢: EU.
i

4
1

do=0:P.L.
\4\

Elastic Region:
do =Ede

)
Y

Yield Region:
If odo <0: ElasticUnloading

do = Ede(Elastic Predictor )— | | |
else : Plastic Loading(Plastic Corrector )
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Incremental Analysis,
Example:

E
k

Kinematic

Kinematic Equations : <‘ o
Matrix

N 0.6S,-0.8S, =F
0.8S,+S,+0.65, =0fB

Equilibrium Equations :




S, = 0.90EAL = 0.90EA—L = 0.30Ke,
3 3L

Constitutive Equations :< S, = 0.96 EAS2 — 0.96EA Zej“_

= 0.40K8,
L2
. &, 6, .
S, = EA—2 = EA—2 = 0.25Kg,
L, 4L

Initial Generalized Material Stiffness Matrix : DY =
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Step 1 (continue...):

{O.lSél ~0.20¢, = F ﬁ

0.246, +0.40¢, +0.156, =0

0.268u +0.024v = E
0.024u +0.682v =0

U=+3.743F /K
v=-0.132F/K

S, =+0.642F Q(|s,/s,,|=(0+0.642F )/(0.9Ax0.85,)=0.892F /S,
S, =—0.053F J15,/S,,| = (0+0.053F )/(0.96 Ax0.065, ) = 0.920 F /5,

S, =—0.768F [ |[S./S,:| = (0+0.768F )/(Ax ,)=0.768F 5,

0.920F,, /S, =1 37
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Step 1 (continue...):

Fy = (1/0.92)S, =1.087S, F, =0-+1.087S, =1.087S,

S,y =0+0.642F,, =0+0.698S,

S, =0—0.053F,, =0-0.058S,

Uy =0+3.743

S35 =0-0.768F, =0-0.835S, |l |v, =0-0.132

S, =0.30Ke, : (Elastic)

Constitutive Equations :{ S, = 0: (Plastic)

S, =0.25KEé, : (Elastic)

0.18¢, —0.20¢, = F/K
0.24¢, +0.15¢, =0

FoL
—0+4.0692
EA K

F(l)L
~0-0.143>2
EA K

S

S
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Step 2 (continue...):

0.268u +0.024v = F /K

B'D”Bd = K®d =f
. C =B |0.0240 +0.282v = 0

. - S, =+0.600F
U=+3.760 F /K . 1

s (2) .
{V:—O.BZOIf/K $-DoBd =1

S, =—0.800F

S,/S,,| =|0.698S, +0.6F| [(0.9Ax0.85,)=0.969+0.833F /S, il Max

S,/S,,|=1
S,/S,5| =|-0.8358, —0.8F| /(Ax 5,)=0.835+ 0.8 F /S,

- . (1-0.969
0.969+0.833F,, /S, =1 F. :( 833 jso =0.037S,

39
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F.» =1.087S, +0.037S, =1.124S,



Step 2 (continue...):

S, = +0.698S, +0.022S, = 0.720S,
S, = —0.0585,
S, = —0.8358, —0.030S, = —0.865S,

] - SO So . SO
{Um =+3.760(0.037S, )/K =+0.139S, /K [ U = +4.069? + 0.139? = +4.208?

Vi, =-0.320(0.037S, )/K =-0.012S, /K vy =~0.143 % i % _ iz %

Step 3:

S, =0: (Plastic)
Constitutive Equations :< S, = 0.40Kg, : (Elastic Predictor)
S, = 0.25Ke, : (Elastic)
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Step 3 (continue...):
-0.2¢, = F/K
0.4¢, +0.15¢, =0
0.161 —0.12v = F/K {u — +7.656 F /K
~0.120+0.49v =0 V=+1.875F/K

S,/S,| =1
S,/S,|=|-0.058S, +0.75F| /(0.96Ax 0.065, )= ~1+13.02F /S,
[S5/Sye| =|-0.865S, ~1.25F | /(Ax o, )= 0.865+1.25F /S,

~1+13.02F/S, =1 F =0.154S,

0.865+1.25F/S, =1 F =0.108S, 1112013




Step 3 (continue...):

|:'(3) =0.108S, Fa =1.1245,+0.1085, =1.2325,

Sy = +0.7208,
S, = —0.058S, +0.081S, = +0.023S,
S, = —0.865S, —0.135S, = —S;

U =+7.656(0.108S, )/K =+0.827S,/K
Vi, =+1.875(0.108S, )/K =+0.203S, /K

Uy =+4.20820 1082720 = 45,0352
K K K

Vig = —0.155i+ 0.203i = +0.048i
K K K
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Step 4.

S, =0.30Ke, : (Elastic Predictor)
Constitutive Equations :< S, = 0.40Kg, : (Elastic)
S, =0: (Plastic)

0.18¢, = F/K
0.24¢é,+0.4¢, =0

0.1084 +0.144v = F /K {u — +13.704 F /K

B'DYWBd=K®¥d =f , :
% % 0.1444 +0.592v = 0 v =-3.333F/K

S, =1.667F(S,S, > 0 — Plastic Loading)

S, =-1.332F

S,=0
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Example, continue...:

407421 504

44
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Incremental Analysis for Beams

(12 -6l -12
—6l 41> 6l
~12 6l 12

6l 212 6l

—6l](
212
6l

4I2_\

45
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Incremental Analysis for Beams:

46
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Incremental Analysis for Beams:

47
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Incremental Analysis for Beams,
Example:

W2
Degreeof Freedom:2

@,

0 Perfectly Plastic Behavior 6

o . Z,+Z,=F
Equilibrium Equations:q 2 ~ %
M,+M,=0

48
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Step 1:

» 12 -121 -12 121

1, _Er|-12l 1617 121  81° ||

' 8I°| —12 121 |12 W,
~-121 81> 121 16l°

Equilibrium Equations: {

Z,+Z,~F QEI[ 135 —4.51](w,
M,+M,=0f I° | =451 6l° ||¢,




Step 1, continue...:

El[ 135 —4.511(w,

1° |45 1351%||¢,|
. (D) -
Vi,|” [0.098771) FI

o,|  |0.07407 | EI

Fo - Mo _ 505
0.4444|

Yields

FO =0+ 2.25% = 2.25%

w, | (0.22221) M|
o,|  |0.1667 | EI
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Step 2:

) 12 —121 -12 —12I
| oEl]-120 1817 1210 812
“81°| —12 12

~121 8l

21

Z
M
Z
M

21

Equilibrium Equations: {

Z,+Z,~F E|{4.5 —1.5|Hv‘v2

M,+M,~O0ff I° |-1.51 517 ||,




Step 2, continue...:

EI[ 45 —1.517(w,
1°|-151 512 ||g,

' 5+.4444
{wz}(” {0.24691I} =k ' . 6667 +.5185

» [~ o.07407 [ EI
e Yields

. 1-0.6667 M
FO ="M, = 0.6429|—° F® = (2.25+0.6429)¥ = 2.8929%

0.5185l
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Step 2, continue...:

w, ) [0.38091] M|
o,|  10.2143]| EI
~(2) _ 2M:§§)

6 =(0-0.0476) '\éfl)' =

0 =(0-0.0476) '\é?' _
2/11/2051?3



Step 3:
(Alternative I):

. 12 -121 -12 -12|

Z
M,| EIl-121 161° 121 8I°
2=

M

W, |” [2.666671) FI2
o) | -2 JEI

54
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Step 3, continue...:

F® = 1_05857 M, = 0.1072¥

Y [0.66671] M|
| 0 JEI

oM MG | - [l oo M
I E

i — Pa 0¥ =(0-0.2859) '\é;" =

68 =(—0.0476—O.2859)|\é;’| — -
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Step 3, continue...:

(3) (3)
= Q8 — Py,

M| M|

9 =(0.2859 — (—0.2144))—2 =0.5
> =( (-0.2144))—==05—

6% = (0+05)'\éI
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Step 3:
(Alternative II):

Z,+Z,~F

T : 3.375 -3l || W,
Equilibrium Equations: — > [y .




Step 3, continue...:

—3IH' } ' MR (1,17 [2.666671) FI2
31” | @5 - o,.| | 2.66667 [ EI

2|

~ [0.66671] M,
05 | El S8
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Step 3, continue...:

¢ =(0+0.2859) '\20' =

. Mol
9 — 6:° =(0-0.2859)—° ==

59
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Example, continue...:
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Incremental Analysis for Frames,
Example:

Degreeof Freedom:3

0 Perfectly Plastic Behavior %
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(12 -6l —-12 -6l |[v
-6l 41° 6l 217 ||¢

~12 6l [12
6l 2% | 6l 4l
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Step 1, continue...:

_ 15 6 3
—l6l 8% 212
|

31 217 7I°

0.0985I

FI?

n, r=+—0.0682  —
Py =

o.| |-0.0227

0.3182
={-0.3182 }FI
~0.2272
0.2272

F& = on.z% = 2.2#

Yields
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Step 1, continue...:

0.21671
@z ¢ =1—0.15
Pc —-0.05

M|

64
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-6l -12 —6l][1
4% ol /
6l 12
21°
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Step 2, continue...:

) 6 3 3l
= 31 717 2°
31 217 7I°

. Yields
IM, +OFlI

0.7M, +0.5FI
~0.7M, - 0.5FI
~0.5M, —0.5F]

0.5M, +0.5FI

Fm:22%%+Q6¥1=28%b
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Step 2, continue...:

0.3667I
—-0.2
-0.1

I\/IO
El

. (2) 2M & —M B | Wi —wi
AT - i
6El I

Myl M,

El

—.2

2 =(-0.05-0.15) =

)(2) _ -(2) = (2)
A =Pt —DPpp

Mol _ o, Ml
El El |

2/11/2013

0 =(0+(-0.2))



12 -6l -12 -ol

ol (27
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Step 3, continue...:

0.66671 | . (N 1M, +OFI
0.1667 +—-l [V 1M, + OFI
—0.3333 / ' —1M, —OF
' ~0.8M, —1FI
0.8M, +1FI

Yields
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Step 3, continue...:

M| M|

3 —(0-0.1333 =—-0.1333
Dpt ( ) El E

_ (3 : (3)
= Dpatr — Pag

M|

=—0.1333 M|
El

El

M|

=—0.3333 M|
El

El
2/11/2013

6 =(-0.1333-0)

6% =(-0.2-0.1333)




Step 4:

Unstable




Example, continue...:
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Indirect Method in the Nonlinear Incremental Analysis:
Continuation From Step 2:

N.

(12 -6l -12 -6l
—6l 412 6l 2l

12 6 12 6l |
—6l 217 6l 4l*
—61]  [-3M /2l
412 M

6l 3M /2l

r

SN Z NN Z

(
o
>

N

N
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Indirect Method in the Nonlinear Incremental Analysis:
Continuation From Step 2, continue...:

3 ][ u F| [3M /2l
81> 21 Koy t=103+< M /2
212 717 || ¢ 0

0.09851 | ., [0.11361 )
00682 +]-0.0113 =

El
—0.0227 —0.0455
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Indirect Method in the Nonlinear Incremental Analysis:
Continuation From Step 2, continue...:

0.3182 | | 06363 | M —1 333F]
={-0.3182\FI +{-0.1363'M

0.4546 0.6590 0.4546F1 +0.6590M = M

—0.2272 —0.2045
0.2272 0.2045
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Indirect Method in the Nonlinear Incremental Analysis:
Continuation From Step 2, continue...:

0.5000

=J—-0.5000 - FI —0.5000 :FI

—0.5000
0.5000

—0.5000
0.5000
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Indirect Method in the Nonlinear Incremental Analysis:

Continuation From Step 3:

(12 -6l -12 -6l
—6l 4% 6l 212
~12 6l 12 6l
6l 212 6l 4%




Indirect Method in the Nonlinear Incremental Analysis:

Continuation From Step 3, continue...:

6l
3l

3l |
8l 2I°

/
!

212 717 ||¢

(0.0985] |
—0.0682

—-0.0227

B

(0.11361 |
—0.0113

(0.0795I |
0.0795

—0.0455

—0.0568
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Indirect Method in the Nonlinear Incremental Analysis:

Continuation From Step 3, continue...:
: C__ F B
/7 ﬁ

[ 0.6363
0.7950
‘M, +< 0.2044
—0.0682
| 0.0682 |

( .

0.4546FI +0.6590M, +0.6363M, =M, + M, /2|l [M, = 2.661F]
0.3182FI +0.6363M, +0.7950M, =M, + M, /2 |l | M, = 3.321F
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Indirect Method in the Nonlinear Incremental Analysis:

Continuation From Step 3, continue...:
- B . C F B
= ; —>
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