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Linear Programming in Limit Analysis Using Kinematic Approach : 
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Linear Programming in Limit Analysis Using Kinematic Approach : 
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Linear Programming in Limit Analysis Using Kinematic Approach : 
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Linear Programming in Limit Analysis Using Kinematic Approach : 

0dBdBee =+−− −+−+ 
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Linear Programming in Limit Analysis Using Kinematic Approach : 
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Linear Programming in Limit Analysis Using Kinematic Approach : 

0dBee =−− −+ 

−+ += eses  TT
kMinimize 00µ
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Example: 

F

L8.1 L2.3

L4.2 1 2 3

o







=
=
=

AA
AA
AA

3

2

1

96.0
90.0

ε

σ

o

0σ

Perfectly Plastic Behavior

1
E









+−=
=

+=

vue
ve

vue
EquationsKinematic







6.08.0

8.06.0
:

3

2

1









=
=
=

03

02

01

06.0
8.0

σσ
σσ

σσ

y

y

y







=
=

↓ vU
uU

yo

xo



00 SA =σ









=
v
u

d















=

3

2

1

e
e
e

e







=
0
1

f

00

1
0576.0
72.0

S















=s



2/11/2013 
9 

Example, continue…: 
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Example, continue…: 
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Example, continue…: 
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Example, continue…: 
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Example, continue…: 
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Linear Programming in Limit Analysis Using Kinematic Approach  
Application in Frames: 

dBe  = d
B
B

e
e 












=








b

a

b

a







































=

















































I

0
nn×

nnm ×− )(

TP

TS
mn×

mnm ×− )(

be d
deP  =b

T

0eS =b
T 

{

d
B
B

e
0 
 








=








b

a

b

d
B
B

e
I
0 









=








b

a
b



2/11/2013 
15 

Definition of Frames Plastic Deformations: 
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Example: F
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Example, continue…: 
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L
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Example, continue…: 


d

B
e










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









  





































































































−−
−−

−−
−−

−
−−
−−

−

=



















































4

4

4

3

3

3

2

2

2
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45

43

34
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23
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12

00/1000000
10/1000000
1/1/10/1/1000
0/1/11/1/1000
0001/1/10/1/1
0000/1/11/1/1
00000010/1
00000000/1
010000000
07071.07071.007071.07071.0000
00007071.07071.007071.07071.0
000000010

0
0
0
0

φ

φ

φ

θ

θ

θ

θ

θ

θ

θ

θ

w
u

w
u

w
u

L
L

LLLL
LLLL

LLLL
LLLL

L
L



2/11/2013 
19 

Example, continue…: 


d

B

e 




















  



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










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







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









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
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














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−−
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−−

−
−−
−−

−

=


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
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4

3

3
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2
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Linear Programming in Limit Analysis Using Static Approach : 

:EquationmEquilibriu−

:ConditionAdmissibleyPlasticall− 00 sss ≤≤−

sBf T
s =µ

:TheormBoundLower− sMaximize µ:

00 ≥−= sss p

00 ≥+= sssn

} 2
pn ss

s
−

=

20
pn ss

s
+

=
{S0-S0 S

Sn Sp
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Linear Programming in Limit Analysis Using Static Approach : 

0s ≥p

0fsBsB =−+− sn
T

p
T µ2

sMinimize µ−:{
0s ≥n

0≥sµ

02sss =+ np
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Linear Programming in Limit Analysis Using Static Approach : 

:ConditionAdmissibleyPlasticall− 00 sss ≤≤−

sBf T
s =µ

:TheormBoundLower− sMaximize µ:

0
2

≥
−

=+ ss
s

0
2

≥
−

=− ss
s

} −+ −= sss

0ssss ≤+= −+
{ 0ssss =∆++ −+

{ 00 ≥−=∆ sss

:EquationmEquilibriu−
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Linear Programming in Limit Analysis Using Static Approach : 

0s ≥+

0fsBsB =−− −+
s

TT µ

sMinimize µ−:{ 0s ≥−

0≥sµ

0ssss =∆++ −+

0s ≥∆
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Example: 

F

L8.1 L2.3

L4.2 1 2 3

o







=
=
=

AA
AA
AA

3

2

1

96.0
90.0

ε

σ

o

0σ

Perfectly Plastic Behavior

1
E









=
=
=

03

02

01

06.0
8.0

σσ
σσ

σσ

y

y

y

00 SA =σ









=
0

0S
f

















∆++
∆++
∆++

=















=

−+

−+

−+

333

222

111

00

1
0576.0
72.0

SSS
SSS
SSS

Ss





=++
=−

→






=
=

∑
∑

06.08.0
8.06.0

0
:

321

031

SSS
SSS

F
FF

sEquationmEquilibriu s

y

x µ









=
0

0S
sµf
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Example, continue…: 









=








−
















−
−
−








 −

−+

−+

−+

0
0

06.018.0
8.006.0 0

33

22

11 S

SS
SS
SS

sµ





=++
=−

→






=
=

∑
∑

06.08.0
8.06.0

0
:

321

031

SSS
SSS

F
FF

sEquationmEquilibriu s

y

x µ
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Example, continue…: 









=








−
















−
−
−








 −

−+

−+

−+

0
0

06.018.0
8.006.0 0

33

22

11 S

SS
SS
SS

sµ

0 1 0 0 1 0 0 1 0 0 0.72 

0 0 1 0 0 1 0 0 1 0 0.0576 

0 0 0 1 0 0 1 0 0 1 1 
-1 0.6 0 -0.8 -0.6 0 0.8 0 0 0 0 
0 0.8 1 0.6 -0.8 -1 -0.6 0 0 0 0 
-1 0 0 0 0 0 0 0 0 0 0 

sµ
0

1

S
S +

RHS
0

2

S
S +

0

3

S
S +

0

1

S
S −

0

2

S
S −

0

3

S
S −

0

1

S
S∆

0

2

S
S∆

0

3

S
S∆

















∆++
∆++
∆++

=















=

−+

−+

−+

333

222

111

00

1
0576.0
72.0

SSS
SSS
SSS

Ss
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0SFs =

L8.1 L2.3

L4.2

0
6.0 S 0 08.0

S
−

o

-Feasible Solution: 

02.1 SFs =

L8.1 L2.3

L4.2

0
72.0

S

0 0
96.0

S
−

o























=
=∆
=∆
=∆
=

=

=

=

=

=

−

−

−

+

+

+

2.1
04.0
0576.0

0
96.0

0

0

0

0

72.0

03

02

1

03

2

1

3

2

01

s

SS
SS

S
SS

S
S
S
S

SS

µ

Example, continue…: 























=
=∆
=∆
=∆
=

=

=

=

=

=

−

−

−

+

+

+

0.1
2.0
0576.0
12.0

8.0

0

0

0

0

6.0

03

02

01

03

2

1

3

2

01

s

SS
SS

SS
SS

S
S
S
S

SS

µ

-Number of Constraints: 5 

-Number of Basic Variables: 5 

-Number of Variables: 10 
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0 1 0 0 1 0 0 1 0 0 0.72 

0 0 1 0 0 1 0 0 1 0 0.0576 

0 0 1.667 2 -2.667 -1.667 0 -1.333 0 1 0.04 
1 0 -1.333 0 3.333 1.333 0 1.667 0 0 1.2 
0 0 -1.667 -1 2.667 1.667 1 1.333 0 0 0.96 
0 0 -1.333 0 3.333 1.333 0 1.667 0 0 1.2 

2S∆
3S∆

+
1S

−
3S
sµ

0 1 0 0 1 0 0 1 0 0 0.72 

0 0 0 -1.2 1.6 2 0 0.8 1 -0.6 0.0336 

0 0 1 1.2 -1.6 -1 0 -0.8 0 0.6 0.024 
1 0 0 1.6 1.2 0 0 0.6 0 0.8 1.232 
0 0 0 1 0 0 1 0 0 1 1 
0 0 0 1.6 1.2 0 0 0.6 0 0.8 1.232 

2S∆
+
2S

+
1S

−
3S
sµ

sµ
0

1

S
S +

RHS
0

2

S
S +

0

3

S
S +

0

1

S
S −

0

2

S
S −

0

3

S
S −

0

1

S
S∆

0

2

S
S∆

0

3

S
S∆

sµ
0

1

S
S +

RHS
0

2

S
S +

0

3

S
S +

0

1

S
S −

0

2

S
S −

0

3

S
S −

0

1

S
S∆

0

2

S
S∆

0

3

S
S∆
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-Optimum Solution: 

0232.1 SFs =

L8.1 L2.3

L4.2
0

72.0
S 0S−

o

0
024
.0

S























=
=∆
=∆
=∆
=

=

=

=

=

=

−

−

−

+

+

+

232.1
0

0336.0
0

0

0

0

024.0

72.0

3

02

1

03

2

1

3

02

01

s

S
SS

S
SS

S
S
S

SS
SS

µ

Example, continue…: 
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Linear Programming in Shakedown Analysis Using Static Approach : 

:EquationmEquilibriu−

:ConditionShakedown−




−≥+
≤+

0max

0min

sss
sss

esr

esr

µ
µ

:TheormBoundLower− sMaximize µ:

0sB =r
T

0
2

≥
−

=+ rr
r

ss
s

0
2

≥
−

=− rr
r

ss
s } −+ −= rrr sss







−=∆−+−

=∆++−
−+

−+

0maxmax

0minmin

sssss
sssss

esrr

esrr

µ

µ
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Linear Programming in Shakedown Analysis Using Static Approach : 

0s ≥+
r

0sBsB =− −+
r

T
r

T

sMinimize µ−:

{ 0s ≥−
r

0≥sµ

0s ≥∆ max

0minmin sssss =∆++− −+
esrr µ

0maxmax sssss −=∆−+− −+
esrr µ

0s ≥∆ min
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Limit Analysis in Frames, Considering the Effect of Normal Forces: 

F D

L
A

B
C

L2

F2

L
E

-Simple Estimate of Collapse Load, example: 

2/11/2013 
32 

Plastic Limit : 1
2

00

=







+

N
N

M
M

1
0

=+
N
N

M
M

el
Elastic Limit : 

N

M

elM
0M

0N

Region
PlasticElasto −

LimitElastic

LimitPlastic
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Example, continue…: 

2/11/2013 
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Plastic Limit : 1
2

00

=







+

N
N

M
M

Suppose : 
0

0
0 N

Mh =
0

0 h
L

=λ

Plastic Limit : 1
2

0

0

0

=







+

M
Nh

M
M

1
2

000

=







+

M
LN

M
M

λ
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-The Collapse Mechanism Without Accounting 
  the Effect of Normal Forces:  

F D

L
A

B

C
L2

F2

L
E

θ

Example, continue…: 

L
MF 025.1

=

D

A

B C

E 0M

0M
0M

0M

2/0M

M

D

A

B
C

E

LM /2 0

N

LM /0

LM /5.0 0
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-The Collapse Mechanism Considering 
  The Effect of Normal Forces:  

F D

L
A

B

C
L2

F2

L
E

θ

Example, continue…: 

L
MF 025.1µ=

D

A

B C

E

0Mµ

2/0Mµ

M

0Mµ

0Mµ

0Mµ

D

A

B
C

E

LM /2 0µ

N

LM /0µ

LM /5.0 0µ
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Example, continue…: 

D

A

B C

E

0Mµ

2/0Mµ

M

0Mµ

0Mµ

0Mµ

D

A

B
C

E

LM /2 0µ

N

LM /0µ

LM /5.0 0µ

Plastic Limit in Joint B : 

1/2/ 2

00

0

0

0 ≤







+

M
LML

M
M

λ
µµ

022 2
0

2
0

2 ≤−+ λµλµ ( )0
2
0

0 16
4

λλλµ −+≤
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Example, continue…: 

D

A

B C

E

0Mµ

2/0Mµ

M

0Mµ

0Mµ

0Mµ

D

A

B
C

E

LM /2 0µ

N

LM /0µ

LM /5.0 0µ

Plastic Limit in Joints C, D, E : 

1/2
2

00

0

0

0 ≤







+

M
LML

M
M

λ
µµ

04 2
0

2
0

2 ≤−+ λµλµ ( )0
2
0

0 16
8

λλλµ −+≤
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Example, continue…: 

Plastic Limit in Joints C, D, E : ( )0
2
0

0 16
8

λλλµ −+≤

Plastic Limit in Joint B : ( )0
2
0

0 16
4

λλλµ −+≤

( )0
2
0

0 16
8

λλλµ −+=

In the Rectangular Section: 
4

4/

0

2
0

0

0
0

h
bh

bh
N
Mh ===

σ
σ

Suppose: 9975.040
40

10 00 =→=→=→= µλLh
h
L
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Limit Analysis in Frames, Considering the Effect of Normal Forces: 

-Actual Solution: 

2/11/2013 
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Plastic Limit : ( ) 0, =MNf

N

M

00 MbMNah =+
0M

000 / hMN =

Linearized Plastically 
 Admissible Condition : 










0

0

0

0

303

202

101

M
s

Y
















≤





























M
M
M

M

N

bha
bha
bha

0MsY
 ≤

N

M

( ) 0, =MNf
0M

0N
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Limit Analysis in Frames, Considering the Effect of Normal Forces: 

-Actual Solution, continue…: 

2/11/2013 
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Suppose the Active Segment of the Plastic Limit Polygon Is k: 

00 MMbNha kk =+

k
k

k

k

k
k b

ha
b

hae
λλ

θ















=








=








= 00e

θ MeND +=int ( )MbNhaD kkk += 0int λ λM




 T

k MD 00int == λ


λ

Y

e






  


















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



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
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
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



=
0

0

ˆ
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030201
k

T
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hahahae

λ
θ

λYe




 T=

N
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Limit Analysis in Frames, Considering the Effect of Normal Forces: 

-Actual Solution, continue…: 

2/11/2013 
41 

Suppose the Active Segment of the Plastic Limit Polygon Is k: 

00 MMbNha kk =+

N

M

00 MMbNha kk =+

0M

000 / hMN =









k

k
k b

ha 0λ

0≥kλ

00 MMbNha ii ≠+ 0=iλ

ki ≠

















=
0

0

kλ

λ

0MsY
 ≤

( ) 00 =− λMsY



 T
:Karush – Kuhn – Tucker Condition 
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Limit Analysis in Frames, Considering the Effect of Normal Forces: 

F D

L
A

B
C

L2

F2

L
E

-Actual Solution, example: 
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Plastic Limit : 1
2

00

=







+

N
N

M
M

N

M

0M

0N

LimitPlastic

Simple Estimate: 

9975.0=µ
L

MF
L

M 00 2500.12469.1
<<
















=









M
M

M

NNe

0

2
0

/1

/2
λ

θ




Plastic 
Deformation: 
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Limit Analysis in Frames, Considering the Effect of Normal Forces: 

Example, continue…: 
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Plastic Limit : 0
0

22

1600
M

M
NLM =+



















=








M
M

M
NL

e
0

2

800
λ

θ




Plastic 
Deformation: 

4040
0

0 Lhh
N
M

===
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Example, continue…: 

D

A

B C

E

09975.0 M
04988.0 M

M

09975.0 M

09975.0 M

+
+

+

− D

A

B
C

E

LM /9950.1 0

N

LM /9975.0 0

LM /4988.0 0

−
−

−

LMF /9975.0 0= D

L
A

B C

L2

LMF /9950.12 0=

L
E

Limit Analysis in Frames, Considering the Effect of Normal Forces: 
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Example, continue…: 

D

A

B C

E

0Mµ

2/0Mµ

M

0Mµ

0Mµ

0Mµ

D

A

B
C

E

LM /2 0µ

N

LM /0µ

LM /5.0 0µ

Plastic Limit in the Joint C: 

1/
2

00

0

0

0 =







+

M
LML

M
M

λ
µµ 02

0
2
0

2 =−+ λµλµ ( )0
2
0

0 4
2

λλλµ −+=

9994.0400 =→= µλ
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Limit Analysis in Frames, Considering the Effect of Normal Forces: 

Example, continue…: 
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









−

=







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9994.0

9994.0

M
L

M

M
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
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



−

−
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


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M
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M
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D
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

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



−

−
=









1
800
995.1 Le

D
D

D λ
θ











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

−

=








1
800
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C
C
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
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
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

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
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=
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0
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M
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M
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E

E











−

=








1
800
995.1 Le

E
E

E λ
θ






000int MMMD EDC λλλ  ++=
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Example, continue…: 

D

A

B C

E
M

1

1
1

+

_ D

A

B C

E
N

L/5.0

L/5.0
L/5.0

+

−
−

Virtual Work : 

05.05.05.05.01 =++−− EDCCE e
L

e
L

e
L

 θθ

0
800
995.15.0

800
995.15.0

800
9994.05.05.0 =

−
+

−
+

−
−−

L
L

L
L

L
L EDCCE λλλλλ 

099.30012.159801.3196 =−− DCE λλλ 

Compatibility Equations : 
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Example, continue…: 

D

A

B C

E
M

1 1

++

+
D

A

B C

EN

L/5.0+

Virtual Work : 

05.011 =++ CDC e
L
 θθ

0
800
9994.05.0

=−−
L

L CDC λλλ 

032000012.3198 =− DC λλ 

Compatibility Equations : 
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Example, continue…: 







=−

=−−

032000012.3198

099.30012.159801.3196

DC

DCE

λλ

λλλ




Compatibility Equations : 







=

=

CD

CE

λλ

λλ




9994.0

5012.0

000int MMMD EDC λλλ  ++=

0int 5006.2 MD Cλ=

Dissipation Power : 
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Example, continue…: 

D

A

B C

E
M

1 L2
+

+ D

A

B
C

E
N

1

+ −

1

Virtual Work : 

EDCB eeLu  111 −−= θ

800
995.1

800
995.1 LLLu EDCB

−
−

−
−= λλλ 

Lu CB λ 0037.1=

Displacements Definition: 
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Example, continue…: 

D

A

B
C

E
M

L5.01
+ D

A

B C

E
N

5.0

−

5.0

−

Virtual Work : 

EDCC eeLv  5.05.05.01 −−= θ

800
995.15.0

800
995.15.05.0 LLLv EDCC

−
−

−
−= λλλ 

Lv CC λ 5019.0=

Displacements Definition: 
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Example, continue…: 

Power Equality : 

CFLW λ 0075.2=

WD =int

CC FLM λλ  0075.25006.2 0 =

CB vFuFW  2+=

L
MF 02456.1=
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Limit Analysis in Frames, Considering the Effect of Normal Forces: 

-Actual Solution of Collapse Load: 
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Linearized Plastically Admissible Condition 
 For All of The Critical Cross Section: 
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Limit Analysis in Frames, Considering the Effect of Normal Forces: 

-Actual Solution of Collapse Load: 
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Plastic Deformation 
 For All of The Critical Cross Section: 
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Limit Analysis in Frames, Considering the Effect of Normal Forces: 

-Actual Solution of Collapse Load: 
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Dissipation Power 
 For All of The Critical Cross Section: 
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Limit Analysis in Frames, Considering The Effect of Normal Forces: 

-Actual Solution of Collapse Load: 
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Karush – Kuhn – Tucker Condition 
 For All of The Critical Cross Section: 
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Linear Programming in Limit Analysis 
Considering The Effect of Normal Forces Using Static Approach : 

:EquationmEquilibriu−

:ConditionAdmissibleyPlasticall− 0MsY ≤

sBf T
s =µ

:TheormBoundLower− sMaximizeµ
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Linear Programming in Limit Analysis 
Considering The Effect of Normal Forces Using Static Approach : 

:EquationmEquilibriu−

:ConditionAdmissibleyPlasticall− 0MsY ≤

sBf T
s =µ

:TheormBoundLower− sMaximizeµ

58 

0
2

≥
−

=+ ss
s

0
2

≥
−

=− ss
s

} −+ −= sss

−+ += sss
{

00 ≥−=∆ sYMM
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Linear Programming in Limit Analysis 
Considering The Effect of Normal Forces Using Static Approach : 

0s ≥+

0fsBsB =−− −+
s

TT µ

sMinimize µ−:{ 0s ≥−

0≥sµ

0MMYsYs =∆++ −+

0M ≥∆
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Linear Programming in Limit Analysis 
Considering The Effect of Normal Forces Using Kinematic Approach: 

:EquationKinematic− dBe  =

:TheormBoundUpper− λM T
k DMinimize 0int ==µ

:ionNormalizat− 1=df T

( ) 00 =− λMsY T:ConditionTuckerKuhnKrush−
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Linear Programming in Limit Analysis Using Kinematic Approach : 

dBe  =

λM T
kMinimize 0=µ

1=df T{
1=λYPf TTT{

deP  =T

0eS =T
{

λYe  T=

λM T
kMinimize 0=µ

0λYS =TT

( ) 00 =− λMsY T

( ) 00 =−− −+ λMYsYs T
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