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0I:  

1 2 3 4

1 2 3 4

( , ) (1 )(1 ) (1 ) (1 )

( , ) (1 )(1 ) (1 ) (1 )

u u u u u

v v v v v

ξ η ξ η ξ η ξη ξ η

ξ η ξ η ξ η ξη ξ η

= − − + − + + −

= − − + − + + −
  

��:  
4 4

1 1

( , ) ( , )i i i i

i i

u u v vξ η ϕ ξ η ϕ
= =

= =∑ ∑  

0
 �3 ��%7 &G+ D�
/  .I �� $A:  

1 2 3 4(1 )(1 ) (1 ) (1 )ϕ ξ η ϕ ξ η ϕ ξη ϕ ξ η= − − = − = = −  

 $� ��/�� *�R�L� b�� �� *��I E#�� .�G����H  D�
/  0
 
� �R .�G����H  !9�#/�B .
/  !� !�K
� $�

 ��/� �� 8�n� .
/37u  ���
�: 
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( )

( )143)1(),(

021)1(),(

3

2

4

1

=−+−=

=−+−=

ηξξηξ

ηξξηξ

edgealonguuu

edgealonguuu

mmm

ppp

 

 ��/� ��v �/�� *�R�L� 
� !9�#/�B !�K
� $� .
/  !� ���.  

  

  

  

  

  

  

  

  

 

5 -2-1-2 !�"# ��� �� 

�M
 u   �v  �� *��I E#��b�� ��R� �
�' !L��A �C��
 $T�
� �� 
�:  

( ) { } { }

{ } { }

2
2 2

2

1 1 2 2 3 3 4 4

2 2

2

2 2

1 1
2 ( ) [ ]

2(1 ) 2 2

1 1 2

1 1 2 12(1 )

2

T
e e e e

x y x y y x

T
e

i j i j i j i j i j i j

i j i j i j i j i j i j

Et
U u v u v u v d K

u v u v u v u v

u u v v u v
a b abEabt

U

u u u v v v
b ab a

ξ ξ η η ξ η

η η η ξ ξ ξ

ν
ν δ δ

ν

δ

ν
ϕ ϕ ϕ ϕ ϕ ϕ

νν
ϕ ϕ ϕ ϕ ϕ ϕ

Ω

− 
= + + + + Ω = 

−  

=


+ + +

=
−−   

+ +  
  

∫∫

1 1

0 0

d dξ η






 


∫ ∫
  

.I �� $A:

  
2

1, 2,3,4 & 1,2,3,4

1 1 ji i i
i i x i j

i j

u u u
a a

η ξ

ϕϕ ϕ ϕ
ϕ ϕ

η ξ ξ ξ

= =

∂  ∂ ∂ ∂
= = =   

∂ ∂ ∂ ∂  

  

���
� /���69��#�A 8�
 $�l' 0
 *��Y�#
 ��:  

  

e

i

i

U
F

δ

∂
=

∂
  

.I �� $A:  
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Ue.���
 !L��A �C��
  

δi ��
0I $��� �
��� $Y�/�!��� $��� ��
�� .���
  

Fi � $�)�� ���V  ������o�3�  ��δi  

/  !� b�� $T�
� @�A $��/�� $%#��� ��0 &G+ $� !�K
� $� 
� !�"# ��� �� ��R $�
�� .
:  

,

2

,

e e e e
i i j j

i

e e
i j

i j

U
F K

U
K

δ
δ

δ δ

∂
= =

∂

∂
=

∂ ∂

  

1 1

2 2 2

0 0

2 2 1 2 2

2(1 ) 2

e

i i j j i j j i j j i j j

Eabt
F u v u v d d

a ab b ab
ξ ξ ξ ξ η η η η

ν ν
ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ξ η

ν

 −  
= + + +   

−    
∫ ∫

  

E+/� .
/  !� !�"# ��� �� 8�
 $�
�� ��/� �� 8�n� .
/37 $�:  

 

{ }
1 1

1,1 1 1 1 1 1 1 12 2 2

0 0

1 1

1 1

(1 ) 2

(1 ) (1 )

e

Eabt
K u u u d d

a b
ξ ξ η η

ξ η

ν
ϕ ϕ ϕ ϕ ξ η

ν

ϕ η ϕ ξ

 − 
= +   

−   

= − − = − −

∫ ∫

 

���M 8
�9��
 0
 �V�:  

1,1 2 2

1
4 2(1 )

12(1 ) 2

e Et b a
K

a b b

ν
ν

ν

 − 
= + −   −   

  

�
���
b

a
  �� 
�S �3��� !� $�� E%�� � *�
� <���� .  

 ��
�� .���
 !�"# ��� �� �����9� ��A $� ��� �� ��R $�
�� W��  �
�� 
� 8
�� :��R �M
 �R
/= ��0

�+:  

 

 

 

 

 

 

 

 

 

 

 

 

1

2 3

8 5 1

5 10 2 3

2

7 2 4 5 1

2 9 5 6 2 3

4 5 7 2 8 5 1

5 6 2 9 5 10 2 3

1 2 3

4 5 6

7

[ ]
12(1 )

2 3 4
4 (1 ) (1 ) 2(1 )

2 3

2 3 4
2 (1 ) (1 3 ) (1 )

2

e

k

k k SYM

k k k

k k k kEt
K

k k k k k

k k k k k k

k k k k k k k

k k k k k k k k

k S k k S
S

k S k k S
S S

k

ν

ν ν ν

ν ν ν

 
 
 
 −
 

− =
 − −−
 
 
 −
 

−  

= + − = + = + −

= − − = − − = − + −

8 9

10

1 1 2
2 (1 ) 4 (1 ) (1 )

2
2(1 )

S k S k S
S S S

k S
S

ν ν ν

ν

= − − − = − + − = − − −

= − −
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5 -2-1-3  ��� �
��� .0� �O
 E�   

!6A ��R��� E�  .���
 $A ��3A `�)iU �iV ��
� �
�' �R *�M ��.  

  

{ } { }

{ } { }1 1 2 2 3 3 4 4

[ ]e e e

T
e

F K

F U V U V U V U V

δ=

=
  

$A �/+ !� ���I���:  

{ }
{ }

e
T

e

e

W
F

δ

∂
=

∂
  

 ��R <3  �!��� ��R���� &n� .���
 �� ��
� ��
]M��� ���� .���
 �
�� ��M0�# ��� �
��� $%#��� �
��

 � �0�� ...�3+�� :�V� .  

 5�+ �� !6�O ��� $A ����9� �U� �� 
� !���Kfy=-γ )γ p/("� .0� ( :�
 �� �/+ !� ��
� .���
 ��


�� *�+ W�Z�
 ��A E��K�� E#
 ��:  
1 1

0 0

( , )
e

g i i

i

W t v dA t v abd dγ ξ η γ ϕ ξ η= − = − ∑∫∫ ∫ ∫  

8�n� �/N $�:  

1

1

0

e

ge
W

F
u

∂
= =

∂
  

1 1

2 1

1 0 0
4

e

ge
W At

F t abd d
v

γ
γ ϕ ξ η

∂
= = − = −

∂ ∫ ∫  

$��L� �/N $�:  

  

{ } { }0 1 0 1 0 1 0 1
4

T
e

g

At
F

γ
= −  
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b 

ξ=s/b 

4 3 

1 2 

τnn 

τns 

*�+ ��
]M��� 0�� 

b ξ=s/b 

4 3 

1 2 

P2 

p1 

p3 

 

 

Boundary node 

number 
 

3 

2 

1 

5 -2-1-3  .���
 ��R0�� �� !���= ��� �O
 E�  ��� �
���  

E#
 *�+ ��
]M��� ��0 &G+ S��T� .���
 ��R0�� 0
 !G� $A ��3A !� `�) 8�K . ��� ��
]M���

E#
 !+�� � 8���� ��R <3  �� �R &��+ .  

 

 

 

 

  

 
 

 

 

 

 

 &G+5 -5  !���= ��� !+�� � 8���� ��R <3  &��+.���
 0�� ��  

 

0
 E#
 5��%7 �R <3  :�
 e#/  *�+ W�Z�
 ��A:  

 

 $�)�M �U� �� ! �n6n� E�� �� �b�� ���� ��� 8
�9��
 �� E%n� E��

�/+ !�.  

���
� �33A !� ���H  .���
 $%� ��� �� �/��# 5�/[ $� �R <3  $A ��3A `�) �M
 8�K:  

 
2

1 2 3( )p s c c s c s= + +  

 D��  ��� �� e�
�+ 8��7
 ��:  

  

1 1

2

2 1 2 3

2

3 1 2 3

(0)

( )
2 2 4

( )

p p c

b b b
p p c c c

p p b c c b c b

= =

= = + +

= = + +

 

 

 

 

 

 

 

 

T

T i i

S

W t T u ds= ∫
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 &G+5 -6   .���
 0�� �� !���= ��� �/��# D�0/  

  

 &K ��1 2 3, ,c c cJ�K ��1 2 3, ,p p p:  

  
2 2 2

1 2 3( ) (1 3 2 ) (4 4 ) ( 2 )p p p pξ ξ ξ ξ ξ ξ ξ= − + + − + − +  

��:  
3

1

( ) ( )i i

i

p pξ φ ξ
=

=∑  

0
 �3 ��%7 &G+ D�
/  .I �� $A:  

  
2 2 2

1 2 3(1 3 2 ) (4 4 ) ( 2 )φ ξ ξ φ ξ ξ φ ξ ξ= − + = − = − +  

 

 ��� �� �R <3  :�
 ������ J�K �� �3�
/  !� !+�� � 8���� ��R <3  ���� �
�� *��I E#�� D��  ��

 ��R *�M1  �2 �3 ��/+ *�0 J��� .  

 

1 1 2 2 3 3

1 1 2 2 3 3

x n n x n n x n n

y n s y n s y n s

p p p

p p p

τ τ τ

τ τ τ

= = =

= = =
 

  

  D�
/  ���� &�����B D��  5��%7 �� �R <3  :�
 ��A $%#��� �
��u   �v  :�
 $A �0�� ��� �� ���

����M h��V  .���
 ��
0I 5���� J�K �� �3�+
� �/�� �R <3  .  

  

2 3

2 3

( ) (1 )

( ) (1 )

u u u

v v v

ξ ξ ξ

ξ ξ ξ

= − +

= − +
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 �� 
� .�G����H  � ��� 5�/[ :��R $� ���� E+
� �/�� ��
]M��� ��� .���
 �9�� ��R0�� ��� �� �M


��A h��V  */�� .I ��� �� ��
0I 5���� J�K. 0�� �� �M
 8�n� �
��3-4  $�+
� ��
]M��� �R

 �c# ���+��F1
eT

= F2
eT

 =F3
eT

 =F4
eT

=0    ���� �
��� �{ FT
e
}  0�� �
��3-4 �
��� $� ����{ 

FT
e
}  0�� ��2-3 ���M $)�4
 .  

 

5 -2-1-4  !6�T��� .���
 �� �R <3  � �R <��A  

$A ��/+ !� ��I ���  D�
/  e�
�� -�#
 �� � .���
 ��
0I 5���� ������ $� $�/  �� 
� ��L��A ������

 .�G� ���H 

 ��0 5�/(�

��/+ !� $%#���:  

  

  

  

[ ]

[ ]

( )

1 2 3 4

1 2 3 4

1 2 1 2 3 4

1 4 1 2 3 4

1 2

( , ) (1 )(1 ) (1 ) (1 )

( , ) (1 )(1 ) (1 ) (1 )

1 1
( )

1 1
( )

1 1

1 1

xx

y y

x y

u u u u u

v v v v v

u u
u u u u u u

x a a

v v
v v v v v v

y b b

u u
b

u v u v

y x b a

ξ η ξ η ξ η ξ η ξ η

ξ η ξ η ξ η ξ η ξ η

ε η
ξ

ε ξ
η

γ
η ξ

= − − + − + + −

= − − + − + + −

∂ ∂
= = = − + + − + −

∂ ∂

∂ ∂
= = = − + + − + −

∂ ∂

− + +

∂ ∂ ∂ ∂
= + = + =

∂ ∂ ∂ ∂

( )

( )

( )

1 2

1 2 3 4

1 2 3 4

1

1

v v
a

u u u u
b

v v v v
a

ξ

η

 
− + + 

 
 − + − +
 
 
 − + − 
 

( ) ( ) ( ) ( )

( )

( )

1 1

0 0

1 2 2 2 3 3 1 2 2 2 3 3

1 3 7 8

3 1 2

2

4 1 2

2

5 2

3

( ) ( ) ( ) ( )

int , :

2 2 2 2
6

2 0

2
6

2
6

2
6

T x y

T x x x x y y y y

eT eT eT eT

eT T
x x

eT T
y y

eT T
x

W bt p u d bt p v d

on egration we obtain

bt
W p p u p p u p p v p p v

F F F F

W bt
F p p

u

W bt
F p p

v

W bt
F p

u

ξ ξ ξ ξ ξ ξ= +

 = + + + + + + + 

= = = =

∂
= = +

∂

∂
= = +

∂

∂
= = +

∂

∫ ∫

( )

( )

{ } ( ) ( ) ( ) ( )

{ } { } { }

3

6 2 3

3

1 2 1 2 2 3 2 3

2
6

2 3 :

0 0 2 2 2 2 0 0
6

, :

x

eT T
y y

T
e

T x x y y x x y y

e e e

g T

p

W bt
F p p

v

due to stresses on edge only

bt
F p p p p p p p p

then for this element total load vector is then given by

F F F

∂
= = +

∂

−

 = + + + + 

= +
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��
 $%#��� &��' �R <3  ��� �R <��A ��� 0
.  

{ } [ ]{ }ετ D=  

 <��A $A �/+ $�/ εxx J�K ��η  � E#
 !T=εyy J�K �� ���ξ  !�� E#
 !T=γxy  J�K ��

E#
 !T= ��H�� �� �R . >��� �� �R <��A :�
���3� �0������
�� �B �� ��L3  D%T��� � �3���� $�#/

�3���� $�#/�B �R0�� .���� $A E#
 J#�3� �B .���
 e#� �� 
� �R .I ��)ξ=η=0.5 ( 5�/[ $�

�/+ $%#��� ��0 . 

 

 

 

  

  

  

 0
 �  .���
 �A�� �� �R <3  �R .I �����/+ $%#���.  

5 -2-2  ��R .���
n6n�$�T�� <3  �� !  

 ��+�� �3��
 �
�
� ��� $#�3R $A !���K �� ��� ��3%L� �
�� J#�3� �������
 �!n6n� �������


!� d/��� ��/+ . ������ !�"# ��� �� $%#��� $A !,������
 0
 $�#� .I $�
�
 �� &��' ���I ��

!� !#��� 
� E#
 $%#��� ��3A. 

  

5 -2-2-1 n6n� .���
 E��O <3  �� !4
(C.S.T)  

 !����
 .���
 :�
h�V4 E#
  $A !T= .�G����H  `�) �� �
�� �,�' � !�)
 ���#
� �� !,�Z��� D�
/ 

E+
� ��R
/=:  

  

 

                                                
4Constant Stress Triangular Elements 

[ ]

[ ]

( ) ( )43214321

4321

4321

2

1

2

1

2

1

2

1

vvvv
a

uuuu
b

vvvv
b

uuuu
a

xy

yy

xx

−++−+++−−=

++−−=

−++−=

γ

ε

ε

fyexdyxv

cybxayxu

++=

++=

),(

),(

1 
2 

3 

u1 

y 

v1 

v2 

u3 

u2 
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 &G+5 -7 E��O <3  �� !n6n� .���
  

 �� .���
 E#
 *�+ h��V  ��� ��
0I $��� �� *�M �R �� � E#
 *�M $# �
�
� .���
 $G3�
 $� $�/  ��

 �
�
� &A6  8/�Z� J��4 <+ $� .�G����H  D��  h��V  �
�� :�
���3� � �/� �R
/= ��
0I $��� a, 

b, c, d, e, f E#
 0��� .6�T��� ��R .���
 �
�� $A !+�� �3��� ��� �� :�
 �� ���)�M �U� �� !

 $�)�M �U� �� E#
 &��%  ��� �� &��+ $A ��  !6A 
�� �Z3�
 �� $A 5��Y  :�
 �� ��3A !� &�7

�/+ !�.  

��R $(�"� ��0 &G+ S��T� !n6n� .���
 �� �M
x   � y� !6A 5�(�"� .
/37 $�ξ �η 5�(�"� ��

��/+ h��V  !6�� . �
 *�M >��� 5�(�"� :�3f�R1  �2  �3 J� �  $� �� (x2,y2) , (x1,y1) 

(x3,y3) , ��/+ !� .���.  

 

 

 
 &G+5 -8 !6�� 5�(�"� *�9�#� ���#
� �� ��
0I $���  

(x1,y1) 

(x2,y2) 

(x3,y3) 

θ 

ξ 

b 

a 

1 

3 

2 

3v  

2u  

1v

c 

2v  

η 

1u  

3u  

v3 

y, v 

x, u 
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��3A !� `�) ��0 &G+ $� 
� .�G� ���H  D�
/ :  

 

1 2 3

4 5 6

( , )

( , )

u a a a

v a a a

ξ η ξ η

ξ η ξ η

= + +

= + +
 

  

��/+ !� .��� .���
 ��
0I 5���� J�K �� 8/�Z� J�
�4 8�K:  

1 1 2 1 4 5

2 1 2 2 4 5

3 1 3 3 4 6

( ,0)

( ,0)

(0, )

u u b a ba v a ba

u u a a aa v a aa

u u c a ca v a ca

= − = − − = −

= = + = +

= = + = +

  

  

 J�K �� ��
0I 5���� &K �� � b�� 5b��V� @�A $� 5�/[ $� 
� e�
�� .
/  !� 8/�Z� J�
�4

E+/� ��0 !��� ��:  

{ }

{ }
1 1 2 2 3 3

1 2 3 4 5 6

{ } [ ]{ }

{ }

{ }

1 0 0 0 0

0 0 0 1 0

1 0 0 0 0
[ ]

0 0 0 1 0

1 0 0 0 0

0 0 0 1 0

T

T

T A

u v u v u v

A a a a a a a

b

b

a
T

a

c

c

δ

δ

=

=

=

− 
 − 
 

=  
 
 
 
 

  

  

( ) ( )

( ) ( ) ( )( ) ( )( )[ ]

( ) ( ) ( )( ) ( )( )[ ]

( ) ( ) ( )( ) ( )( )[ ]121312131313

121312131313

122312322332

2
12

2
12

21212

1212

1
sincos

1
sincos

1
sincos

)(
sin

)(
cos

yyxxxxyy
r

xxyyc

yyyyxxxx
r

yyxxb

yyyyxxxx
r

yyxxa

yyxxr
r

yy

ba

yy

r

xx

ba

xx

−−−−−=−−−=

−−+−−=−+−=

−−−−−=−−−=

−+−=
−

=
+

−
=

−
=

+

−
=

θθ

θθ

θθ

θ
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J�K,u v *�9�#� ��,x y)!6A 5�(�"� *�9�#� (��3A !� h��V  . &G+ $� $�/  �� �/U3� :�
 �
��
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��
 $�θ ��
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� .I 8/N �� .���
 !#�3�
 .���:  

21

21

)1()(

)1()(

III

AAA

ξξξ

ξξξ

+−=

+−=
 

y 

x 

δi =global DOF 

δi =local DOF 

 

δ1 

δ2 

δ3=δ3 

δ4 
δ5 

δ6=δ6 

δ1 

δ2 

δ4 

δ5 

θ 
ιe= element length 

ξ=x/ιe 

 

x 

y 



32 

 

 .
 �� $AAi  �Ii !#�3�
 .��� � DT�� PT# J�O���  *�M �� DN��� ��Ri !�  �+��(i=1,2) .  

  

h�
 ( !�"# ��� �� $A ��R� .�L� �$# $��� !4�7 .�G� ���H  � !T= ��/�� .�G� ���H  �
��

 !6�� 5�(�"� ���#
� �� .���
!� ��0 5�/(�  �+��)$�����#b
 8���=E:(  

1 2 1 2

1 2 1 2 1 2 1 23 2 3 2

1 2 1 2 1 2 1 22 2

1 2 1 2

1 2 1 2 1 23 2 3

( ) 0 0 ( ) 0 0
2 2

6 2 6 2
0 ( ) (2 ) 0 ( ) ( 2 )

2 2
0 (2 ) (3 ) 0 (2 ) ( )

[ ]

( ) 0 0 ( ) 0 0
2 2

6 2 6
0 ( ) (2 ) 0 (

e e

e e e e

e e e e

A

e e

e e e

E E
A A A A

l l

E E E E
I I I I I I I I

l l l l

E E E E
I I I I I I I I

l l l l
K

E E
A A A A

l l

E E E
I I I I I I

l l l

+ − +

+ + + +

+ + − + +

=

− + +

+ − + + 1 22

1 2 1 2 1 2 1 22 2

2
) ( 2 )

2 2
0 ( 2 ) ( ) 0 ( 2 ) ( 3 )

e

e e e e

E
I I

l

E E E E
I I I I I I I I

l l l l

 
 
 
 
 
 
 
 
 
 
 
 
 

− + 
 
 

+ + − + + 
  

  

  

d (!T= 5
���H  �� !4�7 � ��/�� ��� E�  ��0:  

 

21

21

)1()(

)1()(

−−−

−−−

+−=

+−=

xxx

yyy

ppp

ppp

ξξξ

ξξξ
 

 

 

 

 

 

 

 

  

!� ��0 5�/(� !6�� 5�(�"� *�9�#� �� ��� �
��� $A ��R� .�L� �+��                    :  

1 6

2 2
1 2 1 2 1 2 1 2 1 2 1 2

x y y x y y

{ }

(2 ) (7 ) (3 2 ) ( 2 ) (3 7 ) (2 3 )
6 20 60 6 20 60

T

e e e e e e
x y y x y y

p

l l l l l l
p p p p p p p p p p p p

×
=

 
+ + + + + − + 

 

  

y 

x 

py
1 

py
2 

Transverse load 

Axial load 

y 

x 

Px
1 Px

2 



33 
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