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HIGHER ORDER RECTANGULAR ELEMENTS

Standard-Type Shape Functions-L agrangian and Serendipity Elements
T*.r

We can generate higher order
shape functions, if the element
nodes are placed on a
rectangular grid.

If we label each point by a
double suffix (r, s) (r=0,1,2; s
=0,1,2 for the quadratic
element), we can write the
element shape function
corre-sponding to node (r, s) as

N =LP(x)LS(Y)
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where for the quadratic element p = 2. isthe Lagrangian interpolation polynomial of
degreep,

continuity of the global shape functions between adjacent elements is assured as the
number of parameters associated with any side is sufficient to define the polynomial
uniquely there ensuring Co continuity of the global approximation .

only the nodes along the sides of each element are connected to other elements, and so

the nodes in the element interior can be e iminated from the e ement matrices at the
element level.

Now we define two local normalized element coordinates

X :Z(X_—X:) dx = 20X A
hy hy Ay UM e [sanllc 1) Jide
"
h = 2( y- y(?) dh = 2dy e £ -1 %h‘;
=== he
h y

y ) % >t

e
xC
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the terms which occur in the element
shape functions of a pth-degree
Lagrangian-type element isin excess
of the number of terms necessary to
reproduce a complete polynomial of (a)
degreepinx andy.

the number of nodes associated with
higher order elements could therefore
be reduced leading to serendipity
elements

xi}y ————————— degree 1
Zjlxy{*\* , Ty 2
NS N,
Gk e e s == i 3
x*{;\ﬂy{/_ _\‘,{2Y2 \_\x I, A

Pascal triangle
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the nodes are arranged (as
far as possible) on the
element boundaries, and
the shape functions are
formed by multiplying
terms of degree p in one
variable by linear termsin
the other..

The serendipity family
of elements for the first
three members

dgaow s3] g,

77 RS

(a Nf‘:-%- (1- 52} 1 )
(c)

05
step 1 T_U@ﬂg:wgm—mm

0’5

L it
05_
N& = NG~

n, =hh,

(b) NS =L (1-) (1-m2)

step 2

X_I = XX,

Where X; and hl are the coordinates of node |
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Linear Elements
Ne=3(1+&)Q +4,), 1=0,1,2,3 (4.32)
which are identical to the first-order Lagrangian element shape functions.
Quadratic Elements
Corner node NE =30+ &) +d)E+7,-1), 1=0246 (4.33a)
Midside node ~ Nf=3(1 — &)1 +14,), [=1,5
N=3Q+&)A—-9?), =37 (4.33b)
Cubic Elements

Comnernode  Nf =51+ &)1 +d) =10+ 9(&2+29%)], [=0,3,69
(4.34a)

Midside node ~ Nf = 35(1 + £)(1 — #°)1 + 9%,), [ =4,5,10,11 (4.34b)

for the remaining midside nodes interchange the § and
variablesin this expression.
For p>4 it is necessary to introduce internal nodes.
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TWO-DIMENSIONAL SHAPE FUNCTIONS FOR TRIANGLES

Standard-Type Shape Functions - Area Coordinates

triangular elements are a popular choice. if the nodes follow the intersection
pattern of the lines shown in the Pascal triangle, we have at all times just a
sufficient number of such nodes to generate afamily of complete
polynomials.

"natural" set of coordinates



Sden sl ojls dga 3ol (g, Oyl o g ple oSl ]y 0uStil

area coordinates(LO, L1, L2).

L = a, +bx+gry | =8, tbyx+gyy L _ag+bix+ggy
20 ° 20 o0
d x VYU a; =X Y5~ XY,
D :%det: X yzH b =Y, Y,
B x V.f Or =%~ % L, =0
for the linear three-noded triangle,
Y
‘ Y
NE =L, Ny =2L,(L, - 1/2) N, =4LL,
ot N; =2L,(L,- 1/2) NS =4L,L,
i i Ny =2L,(L;- 1/2) Ne =4L,L,
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Mapping and Numerical Integration
THE CONCEPT OF MAPPING

The high degree of accuracy can be achieved with the higher order
elements means that a small number of such elements can be used to
obtain practically adeguate solutions.

the simple shapes of the elements so far derived restrict severely their
application in the analysis of practical problems, with complex
geometrical boundaries have to be modeled.

Thisrestriction would be removed if we could" map" a simple element,
such as the rectangle in the local (&,1) element coordinates, into a more
complex shape in the global (X, y) coordinate system.

FIGURE 5.1. A general mapping of a square (£, n) element.
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By mapping we understand here a unique, one-to-one relationship between the

coordinates (¢§,m) and (X, ).

relation between cylindri-cal polar and Cartesian coordinates

X =rcos 6

y=rsin o

this transformation a mapping by which arectangu-lar (r,6) domain (or element) is
mapped into the (X, y) space.

A general mapping 2

x=f1(&n) / 32 ‘h\\“ e I b | |as
y =f2(&n) / Ql H__ h_- DI
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Now the shape functions in the local element (§,m) space can be used to represent the

function variation over the element in the global (X, y) space

the derivation of the element matrices requires derivatives ™N'  and INT  calculation
T Ty

NS _ TN X N NS Ty
X x Ix Ty Th

NS _TINS i +1TN|e Ty
fh x Th Ty Th

ired derivati NG d N
required derivatives o~ an &y
eé_ﬂNie 3 éﬂNie l:' 9& ﬂ@
éﬂx U= J'léﬂx 3 J :gﬂx ﬂXH
&INS G SqNe U alx  yy
&1y 0 afh g gfh  The

provided that J, the Jacobian matrix of the transformation, is nonsingular.
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For the transformation from polar to Cartesian coordinates

é Ccosq sing U
J =¢ u
g rsing rcosqgf
GINCU enned éTN; U
and so a fix H:J-leg'"x 3 _lércosq -sinqge?ﬂx 3
eINFU T eqNe U r&sing  cosq fégNsy
e e—u e_—u
&1y 0 afh g gfh g
The element of area dx dy
dxdy = det(J) dédn
In case of the polar coordinates
dxdy = rdrdé N
. . — ﬂNI ﬂNm
Now any integral of interest | =Q.k ™ Ty dxdy

ISrecast in terms of integration over a square domain as

e o, INSING

I —_— X N

0,0, x Ty

det(J) dxdh
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Parametric Mapping

Ne=N°(xh) representsastandard type of finite element shape function
for an (M + 1) noded element in the local domain,

non-proper mapping is produced ifthe bt 4 T “‘\
determinant of the Jacobian matrix S e — - i il _\\
changes sign in the transformation } 34l L‘ T
domain. ¢ ‘- -

FIGURE 5.3. A linear isoparametric map.

for quadrilateral elements, an interior
angle of the element exceeds 1800
for quadratic mapping, the distance
between a center node and a corner
node is less than one-third of the
length of a quadrilateral side.
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NUMERICAL INTEGRATION

complexity of the element matrices for higher order elements
Inversion of the Jacobian matrix

| = §,G(x )aX » WoG(X, ) +WG(X, ) + ... W,G(x, )

| = 0,0, G(xh)dxdh » W,G(X,h ) +W,G(x, hy )+ e #*W,G(X,, 01, ) i

choose Xy X;.,....X, andthen determinethe weights W,,W,,.....W, S0 that

polynomial F(&) of degree n which is exactly equal to G(¢&) at each of these points.

F.(x)=a,+ax +....+ax
the coefficients are given uniquely by solution of the equations
G(X,)=a,+ta X, +....+a X,

G(x,)=a,+a X, +....+a x,
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Syl sl ojle d9aw ;‘}?‘ 039)
2a a
| =0, G(x)dx » §F, (x )X =22, + —2 + ...+ —"[1- (-1)™
0,G(x)dx » g F,(x d 0t o [1- (1))

trapezoidal approximation. (£0=-1,&£1 =1)

G(Xo )+ G(Xl ) + G(Xl ) B G(Xo )X
2 2

F.(x) =

The required integral is then approximated by

| = §,G(x )dx » ¢ Fy(x Jdx = G(x, ) +G(x, )

here n= 1.
If nisodd, this method will integrate exactly any polynomial up to degreen,

If niseven, the method is exact for any polynomial up to degreen + 1.
Newton-Cotes methods: the sampling points equally spaced

determine these coordinates so that the approxi-mation gives the exact value of
the integral whenever G(&) isapolynomial of degree less than or equal to p,
where p( > n) is aso to be determined.

F(x)=a,+ax +...+ax°’



Sden sl ojls dga 3ol (g, Oyl o g ple oSl ]y 0uStil

numerical integration

| =9, F,(x )dx

exact integration

a
|:2a0+2a2+ ...... +—2-[1- (-1)P]
3 p+1

For exact numerical integration

(A +aXy +....ta X5 ) =2 p+1 equations
2(n+1)unknowns W x.;i=12,.,n

p+l=2(n+l)

1
a.+a.x +... +a xP)= 1- (-1)PH
(8, +a, P )= (D™
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T GIE)

For n=0

forn=1
W, +W, =2
Wx, +Wx, =0

WxZ2 +Wx2 =2/3
the solution is

Xp ==Xy = % = 0.5773502591 W, =W, =10
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Gauss Quadrature in Two and Three Dimensions

In two-dimensional problems

S T |
| = 0,0, G(x,h)dxdh
perform two numerical integrations in the £ and n directions independently

| = 8,G(x h)dx » & WG(x, h)

i=0
asimilar integration in then direction

| = ollgévve(x, h )adh » a é/v aovve(x, h. )H

thus

| »én-én-VVijG(Xi ’hj) Vvij :VVin

i=0 j=0

If the integrals in the £ and ) directions separately are exact polynomials of degree p,
then the expression will integrate exactly all terms such as X P*h P? where p1,p2<p.
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three-dimensional extension

n n n -
o & & \i7 W, =WW.W
k k
| =9,0,0, G(x,h,z )dxdhdz »aaa W G(xihyz, ) e T
i=0 ': k=0
Number of Figure Degree of Points Triangular  Weights
sampling points polynomial coordinates
integrated
‘k exactly
1 1 1
1 -q& 1 & Fugry ] "
0 1o
3 2 T R S Py, PyEl
2 304
? 0136;0?0% i : :
b <O 3 2 020'5,0.2'} 2
A\ 3 020206 -
0 F. %4 0.225000 0000 = *
1T o, B1;B‘
7 4 2 B, B 0132394152 7 P,ps3
Loz, BB
> B, ,B;  L01259391805
6 2, BQ,C(Q x N M
with S
a,=0059 715 81 7
B1:0LTD 11!‘2 DEJ'Q‘] ¥ ® b

;20797 626985 3 =
B,=0.101 286 507 3 BR=5




Sy sl ojle D995 £l3a g, Al Coto g ple oSl ol ypes o1l
Three Dimentional Elements:;

Lagrangian family

N; =N, N;Ng :||n3n£
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Three Dimentional Elements:;

Serendipity family

& nodes

‘Linear’ element (8 nodes)
N; = §(1 + &)1 + noX1 + {o) n= -1

‘Quadratic’ element (20 nodes)
Corner nodes:

N; = g(1 4+ &)1 + noX1 + L) o + 110 + Lo — 2)

Typical mid-side node: 20 nodes &
=0 m=+1 (i=x1

N; =41 — &X1 + noX1 + {o)

‘Cubic’ elements (32 nodes)
Corner node:

N; = ga(1 + &)1 + nol1 + L[NE* + n* + (%) — 19]

Typical mid-side node:
&=+3% n= +1 (i=t1

N; = gz(1 — E31 + %€M + no)1 + &)
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Volume coordinates;

‘ _Vol(P234)
Up o vol(1234)

‘ _Vol(P134)
*Ip Vol (1234)

‘ _Vol(P124)
' Vol(1234)

‘ _Vol(P123)
‘e vol(1234)
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Tetrahedral Elements:;

{¢) 20 nodes
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Linear Tetrahedron:

N, =L 1=1,2,3,4

Quadratic Tetrahedron:

For Corner nodes

For mid-side nodes:
NS — 4L1L2 s GtC.

‘Cubic’ tetrahedron
Corner nodes:

N, = 1{3141 — 1)3L, — 2)L,, etc.
Mid-side nodes:
N;= %L1L2(3L1 == 1) etc.

Mid-face nodes:
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{a) 6 nodes

For a ‘quadratic’ element

Corner nodes L, = ¢, = 1:
N,=3L,2L, — 1)1+ —-4iL,(1 -
Mid-sides of triangles:
Nijo=2LL,(1+Y(), etc (c) 26 nodes

Mid-sides of rectangle:
Ny =Ei(1 —:£%), etc.

A useful integration formula

1 bleld!
[FIA T dx dyidz = e 6V
R N = B b e - 3]

vol



Sy gl ojle dgaow s3] g, Oyl o g ple o8l oyl yas 0uSisly

PRIMARY AUXILIARY
SUBROUTINES SUBROUTINES
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e B
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o
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[
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stress representation

In the displacement method, the stresses are discontinuous between elements because of
the nature of the assumed displacement variation

there is a discontinuity at node 2 element 1 element 2 2 element representation
between elements 1 and 2 i‘L ; § of axially-loaded rod
experience has shown that in o'V

. : (2) Finite element
Isoparametric elements, the e stress distribution

Integration points are the best
stress sampling points.

Averaged nodal values
with linear interpolation

The nodes, which are the most

useful output locations for
stresses, appear to be the worst Axial stress representations for an axially-loaded

sampling points rod using two linear elements.
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Stress smoothing

If the unsmoothed datais given by the function S (%)
And the proposed smoothing function is defined as

g(x)=a, +a,x+L +a x".

then the problem is of finding the coefficients which minimize the functional

1= - g) dx .

Hence for | to be a minimum

The normal equations have atendency to be ill-conditioned especially if the order of the
smoothing function is high
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aternative method:

i=1
ﬁi(e) smoothing shape function

S~i(e) smoothed nodal stress

error between the smoothed and unsmoothed stresses at any point within the element e
E() =5 ) - 9(x),

where the unsmoothed stress s ©® =pER®© a(e)’

P~

find the set of smoothed nodal stressesS 1S 25++++++S p which minimize the functional

m

+1
I[= z J_l (E(é-){eﬁ)l dﬂtj{'e} d§

e=1

where p isthe total number of nodes, misthe total number of elements
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For | to beaminimum q
—~:O i:].,Z,...,p .
s,
which |eads to a set of equations of the form
S =f,
Sisthe smoothing matrix met Hl -
NN detJdg--- | NIONY detJ de
Sif'.l_ ol | -1 :
— - +1 = | = ~+1 N . | )
. NEONE detJ ' dg - - NN det J' de
|4 “—1 —

f(f}:_

1

.41

o

=3

—

ﬁ{lfﬁ?f:'}det]ff‘ﬂdg
|

| L
NLH{T{H det J"H dé
=

It should be noted that if the smoothing shape functions imply C(i) continuity across
element interfaces, then the smoothed stress will also possess C(i) continuity.
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| nter pretation of the finite element displacement method asa stress error
minimisation procedure

Lets ande Dbethefinite element stresses and strainsand Sexand ©ex equal the
exact stresses and strains. It is therefore possible to write

_ -1 _ -1
e_[D] S ’ eEX_[D] S Ex
The total potential energy of the system

| :(‘i%[s]T[D]'ls dx- [a]" f,

for asmall arbitrary virtual displacement da it is possible to write by the principle of
virtual work

§ [de]™s dx=[da] " f .

Above equation may therefore be written in the following form
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! !

f =2 J;} %[U]T[D]_Iﬂdx —J;} [UEx]TE dx,

I l
I= j. Yol [D]) o dx *J [oex] [D] ' odx.

On writing in adifferent form

= F %[F*UEX]T{D]PI[U'_UEJ(]dI—J %[Fex]T[DJ_ItTEx dx

“0 0

.

= %[G'"UEXJT[H]_I[U_U'EX]dx+f,
4y

where c is a constant and does not depend on the nodal displacements.

The displacement finite element procedure may therefore be interpreted as a least
sguares error procedure where the measure of error is aweighted function of the error
In the stresses.

Approximations which minimize the squared error tend to oscillate about the exact
values
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The Gauss-Legendre
guadrature points have the
well-known property that if we
use a M+1 integration points
which exactly integrates a :
polynomial of order 2M+1, 20 [— a A .
then the polynomial of order E.E;‘.fﬁ,;,a:ﬁ;';i? ik "”dfmgﬂi;“gﬂiatad
M+1 at these points will be 10 =t
equal to itsleast square *ﬁ-‘—a—u—a,‘ﬁ_,g
representation by a polynomial B e
of order M. :1 "".. ;: H*'II— Gauss point

=10 values

Generally the stresses are of order
(p-d), then if a (p-d+1) point
integration ruleisused to integrate ¥ P
the energy, The value of stresses at § A R
40

a0 [t

L e

2
these points define a polynomial of T
order p-d which is exact of the \__ 5x2 Gauss points

order (p-d+1)

P o

Cantilever beam with four quadratic (Q8)
elements. Stress sampling at cubic order (2 *
2) Gauss - points with extrapolation to nodes.
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super conver gent patch recovery

We have already noted that the stresses sampled at certain points in an element possess
the superconvergent property and have errors of orderO(h” ¢*?)

smoothing of such values by a polynomial of order p within a patch of elements for
which the number of sampling points can be taken as greater than the number of
parametersin the polynomial.

—fl 'l‘ 4‘— =L Lk 'L ik 'l'.J'P_
| | & A I AA ® Modal values determined
A & Q o] from the patch
J A 4Al4a A 0 Patch assembly point
—(} [— et — 4 Supercorvergent sampling
A Al A A points
A A o} L ] O
a 4l o a Elamant patchas (i,
""T' T Kx,ﬁl _E.-"T;‘-Ln { = T"'J— S ,
4-node elements  Element”  g-node alemants
patches

J-node elements B-rnode slamants
{linaar) (quadrafic)

g-node elements 12- and 16-node elements
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If we accept the superconvergence of § at certain points sin each element then

we proceed for each component S . of S asfollows

ag=pa=[1, x, y, -, ¥']a

-
a=|dy, dy, -+, dy!

we minimize, for an element patch with total n sampling points
i
II'= L :&r[xk'-.]“'.i:} ll'.‘.'ﬂll
K=l
P = PXi, Vi)
(xg, Vi) corresponding to coordinates of superconvergent points

obtaining immedi-ately the coefficient aas g = A~ 'b

] m
A= Zp;:rpk and b= ZFIC}[(IE!.}}}
k=] k=]
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The availability of s~  alows the superconvergent valuesof S tobe

determined at all nodes. As some nodes belong to more than one patch, average value of
are bgst obtained

_— INntarfacs

Matenal | Material Il
(®) Patch assembly node for boundary interface

[¢] Recovered boundary and interface values

|t should be noted that on external boundaries and indeed on interfaces where stresses
are discontinuous the nodal values should be calculated from interior patches
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one-dimensional example:

the superconvergent patch
recovery reproduces exactly
the stress (gradient) solutions
of order p + 1 for linear or
guadratic elements. It is
evident that superconvergent
recovery is now achieved at all
points. the figure shows why
averaging (or projection) is
inferior (particu-larly on
boundaries.)

LPRE ;‘}b’:‘ 039) Ol Caiio g ple oS ) pee 0uSliily

]
T Exact ¢ and a*

IntEril;;r patch

] B
Ll 1
L
I [ 1
E
et

Ll

—_— X

A Superconvergent values
O Modal SPR values

Quadratic exact solution

- recovared "
-~

Boundary

(b)

Recovery of exact # of degree p by linear elements (p = 1) and quadratic elements {(p = 2).
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14h 1h
convergence rates _ 12;3 328 f _1wewa2
for aone i i
dimensiona

problem (stress
distribution in a bar
of length L =1,

O<x<land
prescribed body
forces). A uniform
subdivision is used
here to form the
elements, and the
convergence rates
for the stress error
ax=05ae
shown

I T
4 -3 =2 -1 0 1
teg b log h

1ih 1/h
12832 8 2 12832 8 2
1T |

—|p=5 — |p=6




(b)

Mesh 1

US.'J)A:.& 1) o)'L.u 9% 9‘)?‘ ‘_’39) L')l).'{l Cxivo g r‘,l.c olRisly Qlja_c 051
a=10 AY o=10
d - [
v bl Bl—C -
- X —=
. - . >
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